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Displacement and Stress Associated with Distributed Anelastic

Deformation in a Half-Space

by Sylvain Barbot, James D. P. Moore, and Valère Lambert

Abstract We present a suite of analytical and semianalytical solutions for the dis-
placements, strains, and stress due to distributed anelastic deformation of finite strain
volumes in a half-space for cuboid sources. We provide the solutions in the cases of
antiplane strain, plane strain, and 3D deformation. These expressions represent power-
ful tools for the analysis of deformation data to image distributed strain in the Earth’s
interior and for the dynamic modeling of distributed deformation off faults, including
thermoelasticity, poroelasticity, and viscoelasticity. We include computer programs
that evaluate these expressions free of major singular points. Combined with formulas
that describe the deformation around faults, these solutions represent a comprehensive
description of quasi-static deformation throughout the earthquake cycle within the
lithosphere–asthenosphere system.

Electronic Supplement: Animations of displacement and stress.

Introduction

The last few decades have witnessed an explosion of
studies on fault processes, from kinematic modeling of geo-
detic data to dynamic modeling of fault rheology. These
studies were made possible by fundamental solutions
that describe the stress and displacements incurred by
the rocks surrounding moving faults (Steketee, 1958; Chin-
nery, 1963; Savage and Hastie, 1966; Sato and Matsu’ura,
1974; Iwasaki and Sato, 1979; Okada, 1985, 1992). In con-
trast, off-fault and distributed deformation have received
little attention. For example, the dynamic modeling of vis-
coelastic relaxation or poroelastic rebound still relies on
computationally intensive numerical methods (e.g., Barbot
and Fialko, 2010a). In addition, the direct imaging of dis-
tributed deformation using inverse methods is still imprac-
tical, severely limiting our insight on potentially important
processes of stress evolution. To remedy this, we describe
the displacement and stress incurred on the surrounding
rocks by distributed anelastic strain. These solutions pro-
vide the building blocks to constrain the kinematics of de-
formation in the Earth’s interior using deformation data.
Our description of stress interactions enables the dynamic
modeling of stress evolution, including distributed defor-
mation in the crust due to the flow of fluids or the diffusion
of temperature, or viscoelastic flow of the lower crust and
asthenosphere. Combined with formulations that describe
stress interactions around faults, the result is a comprehen-
sive representation of the kinematics and dynamics of de-
formation in the lithosphere–asthenosphere system.

Our goal is to describe closed-form analytic solutions
for the displacement and stress occasioned by an arbitrary
distribution of anelastic deformation in the Earth’s interior.
Here, anelastic deformation refers to any thermodynamically
irreversible process of deformation, which includes thermo-
elasticity, poroelasticity, and viscoelasticity. To make the
problem tractable, we focus on anelastic deformation con-
fined in finite cuboid volumes. More complex deformation
can be reproduced by a linear combination of these elemen-
tary solutions. Being the first to tackle this problem, we seek
alternative descriptions that cross validate each other. In ad-
dition to providing analytic solutions, we describe several
numerical approximations that constitute independent points
of comparison. To make our results most useful, we provide
computer codes to evaluate the mathematical expressions
free of major numerical artifacts. These expressions contain
singular points solely at the corners of each anelastic strain
region.

This article describes the derivation of the analytic and
numerical solutions and provides some illustrative examples.
We start with a short introduction to the concepts of eigen-
strain and equivalent body forces that are central to describ-
ing anelastic deformation. We then derive the displacement
and stress kernels for the case of antiplane strain. In the next
two sections, we derive the solutions for the cases of plane
strain and 3D deformation.
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Eigenstrain and Equivalent Body Forces

To represent the effect of distributed strain in the volume,
we employ the method of equivalent body forces (Barbot and
Fialko, 2010a,b). We assume that the total strain in the
medium is the sum of the elastic and anelastic contributions

EQ-TARGET;temp:intralink-;df1;55;665ϵ � ϵe � ϵi; �1�
in which ϵi represents the cumulative anelastic strain. The con-
stitutive stress strain relationship applies for elastic strain, so in
general we have

EQ-TARGET;temp:intralink-;df2;55;596σ � C : ϵe; �2�
in which σ is the Cauchy stress and C is the elastic moduli
tensor, assumed independent of anelastic strain. Many aspects
of the Earth’s quasi-static deformation throughout the earth-
quake cycle may be encapsulated in this formulation (Barbot
and Fialko, 2010a), including thermoelasticity, Newtonian,
Burgers or power-law viscoelasticity (Masuti et al., 2016), po-
roelasticity, and even faulting. Isotropic anelastic strain may
represent thermoelastic and poroelastic processes or bulk
viscosity. Deviatoric anelastic strain may be due to viscoelas-
tic flow.

In this framework, anelastic strain can be associated
with equivalent body forces as follows. The conservation of
linear momentum at steady state can be written:

EQ-TARGET;temp:intralink-;df3;55;410∇ · σ � ∇ · �C : ϵe� � 0; �3�
in which the single dot indicates the vector dot product. Sub-
stituting ϵe � ϵ − ϵi, we get the inhomogeneous equation for
the total strain:

EQ-TARGET;temp:intralink-;df4;55;340∇ · �C : ϵ� −∇ · �C : ϵi� � 0: �4�
As ϵi is given, we define a moment density

EQ-TARGET;temp:intralink-;df5;55;295m � C : ϵi; �5�
that is independent of the dynamic variables. As a result, for
any distribution of anelastic strain (or eigenstrain) ϵi, we can
associate a distribution of fixed equivalent body forces

EQ-TARGET;temp:intralink-;df6;55;225f � −∇ · �C : ϵi� � −∇ ·m: �6�
The total displacement due to anelastic strain and the
elastic response of the medium can be obtained by solving
the momentum equations. For a homogeneous and isotropic
material, the total displacement is obtained by solving
Navier’s equation:

EQ-TARGET;temp:intralink-;df7;55;132�λ� μ�∇∇ · u� μ∇2u� f � 0; �7�
in which λ and μ are the Lamé parameters and μ is the ri-
gidity. Given the total displacement u, we can obtain the
total strain with

EQ-TARGET;temp:intralink-;df8;313;733ϵ � 1

2
�∇u�∇uT�; �8�

in which ∇uT is the transpose of the displacement gradient.
Finally, the stress field is derived by removing the anelastic
strain contribution:

EQ-TARGET;temp:intralink-;df9;313;665σ � C : �ϵ − ϵi�: �9�
Navier’s equation allows us to model elastoplastic deforma-
tion due to an arbitrary distribution of anelastic strain under
the infinitesimal strain approximation. The moment density
is an arbitrary tensor field, and the displacement field can be
obtained with

EQ-TARGET;temp:intralink-;df10;313;574u�x� �
Z
Ω
G�x; y� · f�y�dy; �10�

in which G are the Green’s functions for a point force. To
keep the problem tractable, we assume anelastic strain dis-
tributions that are piecewise homogeneous in cuboid vol-
umes Ωk (or in rectangular areas for 2D solutions), so
we can write the displacement solution as

EQ-TARGET;temp:intralink-;df11;313;471u�x� ≈
X
k

Z
Ωk

G�x; y� · fk�y�dy; �11�

in which fk is the equivalent body force for a homogeneous
anelastic strain in the domain Ωk. This simplifying assump-
tion allows us to solve equation (7) analytically in closed
form using the displacement kernels

EQ-TARGET;temp:intralink-;df12;313;375uk�x� �
Z
Ωk

G�x; y� · fk�y�dy: �12�

Arbitrary source distributions can then be obtained by lin-
ear superposition. The displacement kernels uk�x� form the
basic ingredients for forward (e.g., Lambert and Barbot,
2016) and inverse modeling of deformation data. The fol-
lowing sections describe the solution method for antiplane
strain, plane strain, and 3D deformation.

Distributed Deformation of Finite Shear Zones in
Antiplane Strain

The antiplane strain framework is relevant to modeling
deformation at transform plate boundaries (e.g., Barbot et al.,
2008). In this context, distributed deformation comes about
in the damage zone surrounding faults, the shear zone that
develops at the down-dip extension of faults (Moore and Par-
sons, 2015), and the viscoelastic flow that accommodates the
transport of rigid plates (Lambert and Barbot, 2016).

Problem Definition

We consider the elastic deformation in antiplane strain
caused by distributed anelastic strain in an elementary rec-
tangular area, which we refer to as a shear zone. We consider
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two systems of coordinates. The unprimed system of coor-
dinates is aligned with the free surface and in the strike di-
rection of the shear zone (Fig. 1). The primed system of
coordinates is aligned with the fault. In the case of antiplane
strain, we have ui;1 � 0 for i � 1, 2, 3 and u2 � u3 � 0. We
apply anelastic deformation in a rectangular area of widthW
in the dip direction e′3, and of thickness T in the normal
direction e′2. The relationships between the primed and
unprimed coordinates are:

EQ-TARGET;temp:intralink-;df13;55;309

x′1 � x1

x′2 � x2 sinϕ − �x3 −D� cosϕ
x′3 � x2 cosϕ� �x3 −D� sinϕ �13�

and
EQ-TARGET;temp:intralink-;df14;55;228

x1 � x′1

x2 � �x′2 sinϕ� x′3 cosϕ

x3 � −x′2 cosϕ� x′3 sinϕ�D: �14�

The shear zone is buried at a depth D in the e3 direction. The
volume is subjected to two independent eigenstrain compo-
nents ϵi12 and ϵi13, which are expressed in the unprimed sys-
tem of coordinates.

The spatial extent of the eigenstrain can be defined with
the generalized functions S�x� � Π�x − 1=2�, with S′�x� �
δ�x� − δ�x − 1� and Π�x� � H�x� 1=2� −H�x − 1=2�,
H�x� being the Heaviside function. Using a combination

of primed and unprimed coordinates for convenience, we
can write the distribution of eigenstrain as

EQ-TARGET;temp:intralink-;df15;313;709ϵiij�x2; x3� � ϵiijΠ
�
x′2
T

�
S
�
x′3
W

�
≡ ϵiijΩ�x2; x3�; �15�

with x′2 � x′2�x2; x3� and x′3 � x′3�x2; x3�. Or, more explicitly

EQ-TARGET;temp:intralink-;df16;313;649

ϵiij�x2; x3� � ϵiijΠ
�
x2 sinϕ − �x3 −D� cosϕ

T

�

× S
�
x2 cosϕ� �x3 −D� sinϕ

W

�
: �16�

We have defined the functions

EQ-TARGET;temp:intralink-;df17;313;561

Ω�x2; x3� � Π
�
x′2�x2; x3�

T

�
S
�
x′3�x2; x3�

W

�

Ω′�x′2; x′3� � Π
�
x′2
T

�
S
�
x′3
W

�
; �17�

which describe where the strain is applied. The deformation
in the half-space due to elastic coupling can be attributed to
the equivalent body forces

EQ-TARGET;temp:intralink-;df18;313;448f1 � 2μϵi12;2 � 2μϵi13;3; �18�

with f2 � f3 � 0. Because of the presence of two systems
of reference, we use the chain rule. The equivalent body
force becomes

EQ-TARGET;temp:intralink-;df19;313;378f1 � −2μϵi12�Ω′

;2 sinϕ� Ω′

;3 cosϕ�
� 2μϵi13�−Ω′

;2 cosϕ� Ω′

;3 sinϕ�
� − sinϕ�2μϵi12Ω′

;2 � 2μϵi13Ω′

;3�
− cosϕ�2μϵi12Ω′

;3 − 2μϵi13Ω′

;2�: �19�

To be clear, we use the notation

EQ-TARGET;temp:intralink-;df20;313;277Ω′

;i �
∂Ω′�x′1; x′2; x′3�

∂x′i : �20�

So we have the equivalent body forces:

EQ-TARGET;temp:intralink-;df21;313;217

f1�x2; x3� � sinϕ
�
2μϵi12

1

T

�
δ

�
x′2
T
−
1

2

�
− δ

�
x′2
T
� 1

2

��
S
�
x′3
W

�

� 2μϵi13Π
�
x′2
T

�
1

W

�
δ

�
x′3
W

− 1

�
− δ

�
x′3
W

���

� cosϕ
�
2μϵi12Π

�
x′2
T

�
1

W

�
δ

�
x′3
W

− 1

�
− δ

�
x′3
W

��

− 2μϵi13
1

T

�
δ

�
x′2
T
−
1

2

�
− δ

�
x′2
T
� 1

2

��
S
�
x′3
W

��
:

�21�

e3

e2

T

D

φ

O

W

e3’

e2’

e1

Figure 1. Position and orientation of a shear zone or thickness
T and widthW, buried at depth D, dipping an angle ϕ, and striking
in the e1 direction. The prime coordinate system is aligned with the
shear zone. Both systems of coordinates point in the strike direction,
such as e′1 � e1. For ϕ � π=2; the two systems are identical except
for a translation.
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Analytic Solution

The displacement field can be obtained by solving Nav-
ier’s equation, which simplifies to the inhomogeneous Pois-
son’s equation in antiplane strain:

EQ-TARGET;temp:intralink-;df22;55;679u1;22 � u1;33 �
1

μ
f1 � 0: �22�

We will solve Poisson’s equation using the Green’s function
method, where the displacement in the direction i due to
forces pointing in the direction j are given by the point-
source Green’s functions Gji�x1; x2; x3�. By double integra-
tion in cylindrical coordinates and after using the method of
images, we find the Green’s function in antiplane for a point
source located at �y2; y3�:

EQ-TARGET;temp:intralink-;df23;55;553G11�x2; x3� � −
1

4πμ
�ln��x2 − y2�2 � �x3 − y3�2� � ln��x2 − y2�2 � �x3 � y3�2��: �23�

Then, the displacements are obtained using the convolution

EQ-TARGET;temp:intralink-;df24;55;489

u1�x2; x3� �
−1
4πμ

ZZ ∞
−∞

f1�y2; y3� ln��x2 − y2�2 � �x3 − y3�2�dy2dy3
−1
4πμ

ZZ ∞
−∞

f1�y2; y3� ln��x2 − y2�2 � �x3 � y3�2�dy2dy3: �24�

Using the spatial distribution of equivalent body forces
(equation 21), we can write the displacement field explicitly:

EQ-TARGET;temp:intralink-;df25;55;387

u1 � � sinϕ
�
2μϵi12

ZZ ∞
−∞

1

T

�
δ

�
y′2
T
−
1

2

�
− δ

�
y′2
T
� 1

2

��
S
�
y′3
W

�
G11�y2; y3�dy2dy3

� 2μϵi13

ZZ ∞
−∞

Π
�
y′2
T

�
1

W

�
δ

�
y′3
W

− 1

�
− δ

�
y′3
W

��
G11�y2; y3�dy2dy3

�

� cosϕ
�
2μϵi12

Z ZZZ
−∞

Π
�
y′2
T

�
1

W

�
δ

�
y′3
W

− 1

�
− δ

�
y′3
W

��
G11�y2; y3�dy2dy3

− 2μϵi13

ZZ ∞
−∞

1

T

�
δ

�
y′2
T
−
1

2

�
− δ

�
y′2
T
� 1

2

��
S
�
y′3
W

�
G11�y2; y3�dy2dy3

�
: �25�

To simplify the problem, we now change the variables of in-
tegration from dy2dy3 to dy′2dy

′

3:

EQ-TARGET;temp:intralink-;df26;55;223

u1 � sinϕ
�
2μϵi12

ZZ ∞
−∞

1

T

�
δ

�
y′2
T
−
1

2

�
− δ

�
y′2
T
� 1

2

��
S
�
y′3
W

�
G11�y2; y3�dy′2dy′3

� 2μϵi13

ZZ ∞
−∞

Π
�
y′2
T

�
1

W

�
δ

�
y′3
W

− 1

�
− δ

�
y′3
W

��
G11�y2; y3�dy′2dy′3

�

� cosϕ
�
2μϵi12

ZZ ∞
−∞

�
y′2
T

�
1

W

�
δ

�
y′3
W

− 1

�
− δ

�
y′3
W

��
G11�y2; y3�dy′2dy′3

− 2μϵi13

ZZ ∞
−∞

1

T

�
δ

�
y′2
T
−
1

2

�
− δ

�
y′2
T
� 1

2

��
S
�
y′3
W

�
G11�y2; y3�dy′2dy′3

�
; �26�

in which the expression G11�y2; y3� is short for
G11�y2�y′2; y′3�; y3�y′2; y′3��. We simplify the bounds of inte-
gration again by integrating over the delta functions:

EQ-TARGET;temp:intralink-;df27;313;733

u1� sinϕ
�
2μϵi12

Z
W

0

G11

h
y2�y′2;y′3�;y3�y′2;y′3�

i���y′2�T=2

y′
2
�−T=2

dy′3

�2μϵi13

Z
T=2

−T=2
G11

h
y2�y′2;y′3�;y3�y′2;y′3�

i���y′3�W

y′
3
�0

dy′2

�

�cosϕ
�
2μϵi12

Z
T=2

−T=2
G11

h
y2�y′2;y′3�;y3�y′2;y′3�

i���y′3�W

y′
3
�0

dy′2

−2μϵi13

Z
W

0

G11

h
y2�y′2;y′3�;y3�y′2;y′3�

i���y′2�T=2

y′
2
�−T=2

dy′3

�
:

�27�

(Here, the relation
R∞∞ δ�ax�dx � 1=jaj has been useful.)
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We then expand the expression in terms of primed variables

EQ-TARGET;temp:intralink-;df28;55;723

u1 � sinϕ
�
2μϵi12

Z
W

0

G11

h
y′2 sinϕ� y′3 cosϕ;−y′2 cosϕ� y′3 sinϕ�D

i���y′2�T=2

y′
2
�−T=2

dy′3

� 2μϵi13

Z
T=2

−T=2
G11

h
y′2 sinϕ� y′3 cosϕ;−y′2 cosϕ� y′3 sinϕ�D

i���y′3�W

y′
3
�0

dy′2

�

� cosϕ
�
2μϵi12

Z
T=2

−T=2
G11

h
y′2 sinϕ� y′3 cosϕ;−y′2 cosϕ� y′3 sinϕ�D

i���y′3�W

y′
3
�0

dy′2

− 2μϵi13

Z
W

0

G11

h
y′2 sinϕ� y′3 cosϕ;−y′2 cosϕ� y′3 sinϕ�D

i���y′2�T=2

y′
2
�−T=2

dy′3

�
; �28�

and we substitute the Green’s function for its definition (equa-
tion 23) to get

EQ-TARGET;temp:intralink-;df29;55;545

u1 �
−1
2π

�
sinϕ

�
ϵi12

Z
W

0

ln��x2 − y′2 sinϕ − y′3 cosϕ�2 � �x3 � y′2 cosϕ − y′3 sinϕ −D�2�
����
y′
2
�T=2

y′
2
�−T=2

dy′3

�ϵi12

Z
W

0

ln��x2 − y′2 sinϕ − y′3 cosϕ�2 � �x3 − y′2 cosϕ� y′3 sinϕ�D�2�
����
y′
2
�T=2

y′
2
�−T=2

dy′3

�ϵi13

Z
T=2

−T=2
ln��x2 − y′2 sinϕ − y′3 cosϕ�2 � �x3 � y′2 cosϕ − y′3 sinϕ −D�2�

����
y′
3
�W

y′
3
�0

dy′2

�ϵi13

Z
T=2

−T=2
ln��x2 − y′2 sinϕ − y′3 cosϕ�2 � �x3 − y′2 cosϕ� y′3 sinϕ�D�2�

����
y′
3
�W

y′
3
�0

dy′2

�

� cosϕ
�
ϵi12

Z
T=2

−T=2
ln��x2 − y′2 sinϕ − y′3 cosϕ�2 � �x3 � y′2 cosϕ − y′3 sinϕ −D�2�

����
y′
3
�W

y′
3
�0

dy′2

�ϵi12

Z
T=2

−T=2
ln��x2 − y′2 sinϕ − y′3 cosϕ�2 � �x3 − y′2 cosϕ� y′3 sinϕ�D�2�

����
y′
3
�W

y′
3
�0

dy′2

−ϵi13

Z
W

0

ln��x2 − y′2 sinϕ − y′3 cosϕ�2 � �x3 � y′2 cosϕ − y′3 sinϕ −D�2�
����
y′
2
�T=2

y′
2
�−T=2

dy′3

−ϵi13

Z
W

0

ln��x2 − y′2 sinϕ − y′3 cosϕ�2 � �x3 − y′2 cosϕ� y′3 sinϕ�D�2�
����
y′
2
�T=2

y′
2
�−T=2

dy′3

��
; �29�

which represents only four separate indefinite integrals. The
solution is obtained in closed form as follows:

EQ-TARGET;temp:intralink-;df30;55;243

u1 �
−1
2π

h
sinϕ

n
ϵi12�J12 � K12� � ϵi13�J13 � K13�

o

� cosϕ
n
ϵi12�J13 � K13� − ϵi13�J12 � K12�

oi
; �30�

in which the integrals J12,K12, J13, andK13 are defined below.
To simplify the expressions, we make use of the Chinnery
(1963) notation, defined here as:

EQ-TARGET;temp:intralink-;df31;55;141

f�y′2; y′3�
���� � f�T=2; W� − f�−T=2;W�

− f�T=2; 0� � f�−T=2; 0�: �31�

We have the following integrals in closed form:

EQ-TARGET;temp:intralink-;df32;313;263

J12 � −2r′2 arctan
�
r′3
r′2

�
− r′3 ln�r22 � r23�

����
����

K12 � −2s′2 arctan
�
s′3
s′2

�
− s′3 ln�r22 � s23�

����
����

J13 � −2r′3 arctan
�
r′2
r′3

�
− r′2 ln�r22 � r23�

����
����

K13 � −2s′3 arctan
�
s′2
s′3

�
− s′2 ln�r22 � s23�

����
����; �32�

with the substitutions

EQ-TARGET;temp:intralink-;df33;313;124

r2 � x2 − y2 � x2 − y′2 sinϕ − y′3 cosϕ

r3 � x3 − y3 � x3 � y′2 cosϕ − y′3 sinϕ −D; �33�
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also including

EQ-TARGET;temp:intralink-;df34;55;721

r′2 � r2 sinϕ − r3 cosϕ

r′3 � r2 cosϕ� r3 sinϕ; �34�

for the source, and

EQ-TARGET;temp:intralink-;df35;55;652

s3 � x3 − y′2 cosϕ� y′3 sinϕ�D

s′2 � r2 sinϕ� s3 cosϕ

s′3 � r2 cosϕ − s3 sinϕ; �35�

for its image. Examples of displacement fields in the (x2, x3)
plane are shown in Figure 2. The displacement field for a wide
range of anelastic strain orientations and shear-zone geom-
etries are shown in Ⓔ Movie S1, available in the electronic
supplement to this article.

We note that the elastic displacements due to distributed
anelastic strain in a finite shear zone converges to those due
to a pair of screw dislocations with slip s in the limit of
ϵi13 � 0, vanishing thickness T, and infinite anelastic strain
ϵi12 � s=T. Our solution (equation 30) for the displacements
due to distributed anelastic deformation therefore represents
a unified expression for plastic deformation from localized to
more distributed. This is illustrated in Figure 2. This result
holds true for deformation in plane strain or 3D.

Numerical Solution with the tanh Quadrature

The displacement field can be obtained with arbitrary
accuracy using a double exponential numerical quadrature
(Haber, 1977), which is particularly useful when integrating
singular expressions. We implement this numerical solution
to provide us with an independent validation of our analytical
solutions. We therefore convolve the Green’s functions with
the equivalent body forces (equation 21) numerically. To do
so, we write the integral in the canonical form of the tanh
quadrature using the change of variable y′2 � v′T=2 and
y′3 � �1� w′�W=2. We get
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y′
2
�−T=2
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�2μϵi13
T
2

Z
1
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G11

h
v′T=2 sinϕ� y′3 cosϕ;−v′T=2 cosϕ� y′3 sinϕ�D
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y′
3
�0

dv′
�

� cosϕ
�
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G11
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3
�0

dv′

−2μϵi13
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Z
1
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G11

h
y′2 sinϕ� �1� w′�W=2 cosϕ;−y′2 cosϕ� �1� w′�W=2 sinϕ�D
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2
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dw′

�
: �36�

As expected, the numerical integration converges to the
analytic solution (equation 30) with increasing integra-
tion points, to the limit of double-precision floating-point
accuracy. The analytical solution is most convenient how-
ever, because it is calculated several orders of magnitude
faster.

Stress and Strain

In antiplane strain, the nonzero components of the total
strain are ϵ12 � u1;2=2 and ϵ13 � u1;3=2. The elastic strains
are

EQ-TARGET;temp:intralink-;df37;313;595

ϵe12 � ϵ12 − ϵi12;

ϵe13 � ϵ13 − ϵi13: �37�

So following equation (9), the corresponding stress compo-
nents are

EQ-TARGET;temp:intralink-;df38;313;519

σ12 � μu1;2 − 2μϵi12;

σ13 � μu1;3 − 2μϵi13: �38�

Here, we describe the analytic solution for stress in the case
of vertical shear zones (the stress components for dipping
shear zones can be obtained by differentiating the corre-
sponding displacement field). In this case, the Chinnery
(1963) notation is

EQ-TARGET;temp:intralink-;df39;313;407f�y′2; y′3�jj � f�T=2; D�W� − f�−T=2; D�W�
− f�T=2; D� � f�−T=2; D� �39�

and the stress components are as follows:
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Figure 3. (a,c) Stress components σ12 and (b,d) σ13 due to anelastic strain (a,b) ϵi12 and (c,d) ϵ
i
13 in a rectangular shear zone (black dashed

box). Anelastic strain in the direction ei⊗ej corresponds to a stress reduction in the direction ei⊗ej inside the shear zone. The vertical stress
vanishes at the surface.
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Figure 2. Antiplane displacement due to anelastic strain in a rectangular shear zone (black dashed box). The displacement due to shear in
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π
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�
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−
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�
: �40�

Eigenstrain ϵi13 causes shear in the σ13 and σ12 components
and vice versa (Fig. 3). Importantly, the stress change
caused by distributed anelastic strain in the same tensor
direction is always negative. This is a key element of the
solution that allows dynamic simulations of distributed de-
formation. Strain in the direction of stress relaxes the stress
in the shear zone and loads its neighbors.

Distributed Deformation of Finite
Regions in Plane Strain

Many aspects of crustal- and mantle-distributed defor-
mation may be investigated under the plane strain approxi-
mation. This includes diffuse deformation in the mantle
around subduction zones, rifts, and spreading centers. Plas-
tic flow instabilities may also result in acceleration of the
seismic cycle or in other episodic deformation. The diffu-
sion of temperature and pore pressure modulates stress evo-
lution, which may have important implications on the
earthquake cycle. All these processes and their coupling
may be modeled using the anelastic deformation of elemen-
tary rectangular volumes.

Problem Definition

We consider the elastic deformation in plane strain
caused by distributed anelastic strain in an elementary rec-
tangular area. We use the same system of coordinates as the
previous section, but in plane strain we have u1;i � 0 for
i � 1, 2, 3, and u1 � 0. We define a system of coordinates
e′i aligned with the strain region and centered on the top
middle point (Fig. 1). We consider a rectangular area of
thickness T and width W buried at depth D subjected to
the eigenstrains ϵi22, ϵ

i
23, ϵ

i
32, and ϵi33, with ϵi23 � ϵi32. We

define the dip angle of the strain region as the angle be-
tween the horizontal and the width direction e′3. Hence,
the strain region is vertical, and the primed and unprimed
systems of coordinates are parallel for ϕ � π=2. The rela-
tionships between primed and unprimed coordinates are

given by equations (13) and (14). Using a combination
of primed and unprimed coordinates for convenience, we
can write the distribution of eigenstrain as
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ϵi22�x2; x3� � ϵi22Π
�
x′2
T

�
S
�
x′3
W

�
≡ ϵi22Ω�x2; x3�

ϵi23�x2; x3� � ϵi23Π
�
x′2
T

�
S
�
x′3
W

�
≡ ϵi23Ω�x2; x3�

ϵi33�x2; x3� � ϵi33Π
�
x′2
T

�
S
�
x′3
W

�
≡ ϵi33Ω�x2; x3�; �41�

with x′2 � x′2�x2; x3� and x′3 � x′3�x2; x3�. Or, more explic-
itly
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ϵi22�x2; x3� � ϵi22Π
�
x2 sinϕ − �x3 −D� cosϕ

T

�

× S
�
x2 cosϕ� �x3 −D� sinϕ

W

�

ϵi23�x2; x3� � ϵi23Π
�
x2 sinϕ − �x3 −D� cosϕ

T

�

× S
�
x2 cosϕ� �x3 −D� sinϕ

W

�

ϵi33�x2; x3� � ϵi33Π
�
x2 sinϕ − �x3 −D� cosϕ

T

�

× S
�
x2 cosϕ� �x3 −D� sinϕ

W

�
: �42�

The Ω and Ω′ functions are described in equation (17). We
obtain the equivalent body forces from partial differentia-
tion of the moment density using the chain rule. The equiv-
alent body forces become
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So after combining with equation (42), we obtain the equiv-
alent body forces
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with f1 � 0.

Analytic Solution

The displacement field can be obtained by solving Nav-
ier’s equation using the Green’s function approach. For a line
force in the e2 direction acting at (y2, y3), the resulting dis-
placement at (x2, x3) is
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in which
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r21 � �x2 − y2�2 � �x3 − y3�2
r22 � �x2 − y2�2 � �x3 � y3�2: �46�

For a line force in the e3 direction acting at (y2, y3), the
resulting displacement at (x2, x3) is
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Generally, the displacement field is given by

EQ-TARGET;temp:intralink-;df48;55;721ui�x� �
ZZ ∞

∞
fjGji�x; y�dy; �48�

in which Einstein’s summation convention is implied. Ex-
panding the sum, the displacement field is given by
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Using the spatial distribution of equivalent body forces, we
can write the displacement field in the e2 direction explicitly:
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To simplify the problem, we now change the variables of in-
tegration from dx2dx3 to dx′2dx

′

3. So we write
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in which the expression Gij�y2; y3� is short for Gij�y2�y′2; y′3�;
y3�y′2; y′3��. We simplify the bounds of integration again:
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0

G32�y2�T=2; y′3�; y3�T=2; y′3�� − G32�y2�−T=2; y′3�; y3�−T=2; y′3��dy′3

�2μϵi23

Z
T=2

−T=2
G32�y2�y′2;W�; y3�y′2;W�� − G32�y2�y′2; 0�; y3�y′2; 0��dy′2

�
: �52�

The solution for u3 can be obtained using the proper Green’s
functions. To be complete, we write
EQ-TARGET;temp:intralink-;df53;55;433

u3 � sinϕ
�
�λϵikk � 2μϵi22�

Z
W

0

G23�y2�T=2; y′3�; y3�T=2; y′3�� − G23�y2�−T=2; y′3�; y3�−T=2; y′3��dy′3

�2μϵi23

Z
T=2

−T=2
G23�y2�y′2;W�; y3�y′2;W�� − G23�y2�y′2; 0�; y3�y′2; 0��dy′2

��λϵikk � 2μϵi33�
Z

T=2

−T=2
G33�y2�y′2;W�; y3�y′2;W�� − G33�x2�y′2; 0�; x3�y′2; 0��dy′2

�2μϵi23

Z
W

0

G33�y2�T=2; y′3�; y3�T=2; y′3�� − G33�y2�−T=2; y′3�; y3�−T=2; y′3��dy′3
�

� cosϕ
�
�λϵikk � 2μϵi22�

Z
T=2

−T=2
G23�y2�y′2;W�; y3�y′2;W�� − G23�y2�y′2; 0�; y3�y′2; 0��dy′2

−2μϵi23

Z
W

0

G23�y2�T=2; y′3�; y3�T=2; y′3�� − G23�y2�−T=2; y′3�; y3�−T=2; y′3��dy′3

−�λϵikk � 2μϵi33�
Z

W

0

G33�y2�T=2; y′3�; y3�T=2; y′3�� − G33�y2�−T=2; y′3�; y3�−T=2; y′3��dy′3

�2μϵi23

Z
T=2

−T=2
G33�y2�y′2;W�; y3�y′2;W�� − G33�y2�y′2; 0�; y3�y′2; 0��dy′2

�
: �53�

We then obtain the displacement field in closed form with

EQ-TARGET;temp:intralink-;df54;55;168

u2 �
1

8πμ�1 − ν�
h
sinϕ

n
�λϵikk � 2μϵi22�I223′ � 2μϵi23�I222′ � I323′� � �λϵikk � 2μϵi33�I322′

o

� cosϕ
n
�λϵikk � 2μϵi22�I222′ � 2μϵi23�I322′ − I223′� − �λϵikk � 2μϵi33�I323′

oi���
���

u3 �
1

8πμ�1 − ν�
h
sinϕ

n
�λϵikk � 2μϵi22�I233′ � 2μϵi23�I232′ � I333′� � �λϵikk � 2μϵi33�I332′

o

� cosϕ
n
�λϵikk � 2μϵi22�I232′ � 2μϵi23�I332′ − I233′� − �λϵikk � 2μϵi33�I333′

oi���
���; �54�

in which we have defined the integrals
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I223′ � 8πμ�1 − ν�
Z

W

0

G22�y2�T=2; y′3�; y3�T=2; y′3�� − G22�y2�−T=2; y′3�; y3�−T=2; y′3��dy′3

I222′ � 8πμ�1 − ν�
Z

T=2

−T=2
G22�y2�y′2;W�; y3�y′2;W�� − G22�y2�y′2; 0�; y3�y′2; 0��dy′2

I322′ � 8πμ�1 − ν�
Z

T=2

−T=2
G32�y2�y′2;W�; y3�y′2;W�� − G32�x2�y′2; 0�; x3�y′2; 0��dy′2

I323′ � 8πμ�1 − ν�
Z

W

0

G32�y2�T=2; y′3�; y3�T=2; y′3�� − G32�y2�−T=2; y′3�; y3�−T=2; y′3��dy′3

I233′ � 8πμ�1 − ν�
Z

W

0

G23�y2�T=2; y′3�; y3�T=2; y′3�� − G23�y2�−T=2; y′3�; y3�−T=2; y′3��dy′3

I232′ � 8πμ�1 − ν�
Z

T=2

−T=2
G23�y2�y′2;W�; y3�y′2;W�� − G23�y2�y′2; 0�; y3�y′2; 0��dy′2

I332′ � 8πμ�1 − ν�
Z

T=2

−T=2
G33�y2�y′2;W�; y3�y′2;W�� − G33�y2�y′2; 0�; y3�y′2; 0��dy′2

I333′ � 8πμ�1 − ν�
Z

W

0

G33�y2�T=2; y′3�; y3�T=2; y′3�� − G33�y2�−T=2; y′3�; y3�−T=2; y′3��dy′3; �55�

and where in this case Chinnery’s notation jj refers to
EQ-TARGET;temp:intralink-;df56;55;491

f�y′2; y′3�
���
��� � f

�
T
2
;W

�
− f

�
−
T
2
;W

�
� f

�
−
T
2
; 0
�
− f

�
T
2
; 0
�
: �56�

Using the following substitutions
EQ-TARGET;temp:intralink-;df57;56;429

y2 � �y′2 sinϕ� y′3 cosϕ

y3 � −y′2 cosϕ� y′3 sinϕ�D

r′21 � �x3 − y3�2 � �x2 − y2�2
r′22 � �x3 � y3�2 � �x2 − y2�2
p2 � ��x3 −D� cosϕ − x2 sinϕ� y′2

p3 � −�x3 −D� sinϕ − x2 cosϕ� y′3

p′

2 � −�x3 �D� cosϕ − x2 sinϕ� y′2

p′

3 � ��x3 �D� sinϕ − x2 cosϕ� y′3; �57�
we write the integrals in closed form as

EQ-TARGET;temp:intralink-;df58;55;279

I223′ �
x3
r′22

h
�x22 � x23 −D2� sinϕ� sin�2ϕ��3Dy′2 � x3y′2 − x2y′3�

− sin�3ϕ���D� x3�2 � x22 � 2�y′2�2� � sin�4ϕ���D� x3�y′2 � x2y′3�
− 2Dx2 cosϕ� cos�2ϕ��Dy′3 � 3x2y′2 − x3y′3�
− 2y′2y

′

3 cos�3ϕ� � cos�4ϕ���D� x3�y′3 − x2y′2�
i

� 1

2
arctan

�
p′

3

p′

2

�h
cos�ϕ��16ν2�D� x3� − 28ν�D� x3� � 13D� 11x3�

� cos�3ϕ��−4ν�D� x3� � 3D� 5x3� � �4ν�4ν − 5� � 7�x2 sin�ϕ�
� �3 − 4ν�x2 sin�3ϕ� � 2�4ν − 3�y′2 cos�2ϕ� − 2�4ν�2ν − 3� � 5�y′2

i

− p2 arctan
�
p3

p2

�
�3 − 4ν� cos�2ϕ��

� 1

4
log�r′22 �

h
sin�3ϕ��4ν�D� x3� − 3D − 5x3�
− sin�ϕ��16ν2�D� x3� − 28ν�D� x3� � 13D� 11x3�
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� �4ν�4ν − 5� � 7�x2 cosϕ� �3 − 4ν�x2 cos�3ϕ�
� 2�3 − 4ν�y′2 sin�2ϕ� − 2�4ν�2ν − 3� � 5�y′3

i

� 1

4
log�r′21 �

h
�5 − 8ν�x2 cosϕ� x2 cos�3ϕ� − 2�D − x3��4 − 4ν� cos�2ϕ�� sinϕ

� 8νy′3 � 2y′2 sin�2ϕ� − 6y′3
i
; �58�
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I222′ �
x3
r′22

h
− cos ϕ�x22 � x23 − D2� � sin�4ϕ��x2y′2 − �D � x3�y′3� � sin�2ϕ���3D � x3�y′3 � x2y′2�

� cos�4ϕ���D � x3�y′2 � x2y′3� � cos�2ϕ��−Dy′2 � x3y′2 � 3x2y′3�
− cos�3ϕ���D � x3�2 � x22 � 2�y′3�2� − 2Dx2 sin ϕ − 2y′2y

′

3 sin�3ϕ�
i

� 1

2
arctan

�
p′

2

p′

3

�h
−4ν�4ν − 7��D � x3� sin ϕ − sin�3ϕ��4ν�D � x3� − 3D − 5x3�

− �13D � 11x3� sin ϕ − �4�5 − 4ν�ν − 7�x2 cos ϕ − �3 − 4ν�x2 cos�3ϕ�
− 2�4ν − 3�y′3 cos�2ϕ� − 2�4ν�2ν − 3� � 5�y′3

i

� p3 arctan
�
p2

p3

�h
4ν � cos�2ϕ� − 3

i

� 1

4
log�r′22 �

h
cos ϕ�16ν2�D � x3� − 28ν�D � x3� � 13D � 11x3�
� cos�3ϕ��4ν�D � x3� − 3D − 5x3� � �4ν�4ν − 5� � 7�x2 sin ϕ
� �4ν − 3�x2 sin�3ϕ� � 2�3 − 4ν�y′3 sin�2ϕ� − 2�4ν�2ν − 3� � 5�y′2

i

� 1

4
log�r′21 �

h
−2�D − x3� cos�ϕ��4ν � cos�2ϕ� − 4�

− 2x2 sin�ϕ��4ν � cos�2ϕ� − 2� � 8νy′2 � 2y′3 sin�2ϕ� − 6y′2
i

�59�
and
EQ-TARGET;temp:intralink-;df60;55;366

I233′ �
x3
r′22

�
�−D2 � x22 � x23� cos�ϕ� � sin�2ϕ��−Dy′3 − 3x2y′2 � x3y′3�

� sin�4ϕ��x2y′2 − �D� x3�y′3� − cos�3ϕ���D� x3�2 � x22 � 2�y′2�2�
� cos�2ϕ��3Dy′2 � x3y′2 − x2y′3� � cos�4ϕ���D� x3�y′2 � x2y′3�

� 2Dx2 sin�ϕ� � 2y′2y
′

3 sin�3ϕ�
�

� 4�ν− 1��2ν− 1� arctan
�
p′

2

p′

3

�
�x2 cos�ϕ� − �D� x3� sin�ϕ��

− sin�ϕ� arctan
�
p′

3

p′

2

�h
�4ν− 3��D� x2 sin�2ϕ� − x3�

� cos�2ϕ��4ν�D� x3�− 3D − x3� � 2�3− 4ν�y′2 cos�ϕ�
i

� 4�ν− 1��2ν− 1�y′3 arctan
�
x2 − y2
x3 � y3

�

−
1

2
p2 log�r′21 � cos�2ϕ�

− p2 arctan
�
p3

p2

�
sin�2ϕ�

� 1

4
log�r′22 �

h
cosϕ�16ν2�D� x3� − 4ν�7D� 3x3� � 11D� x3�
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� cos�3ϕ��−4ν�D� x3� � 3D� x3� � �4ν�4ν− 5� � 5�x2 sin�ϕ�
� �3− 4ν�x2 sin�3ϕ� � 2�4ν− 3�y′2 cos�2ϕ�− 8�ν− 1��2ν− 1�y′2

i
; �60�
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I232′ �
x3
r′22

h
�x22 � x23 −D2� sin�ϕ� � sin�2ϕ��Dy′2 − x3y′2 − 3x2y′3�

− sin�4ϕ���D� x3�y′2 � x2y′3� � sin�3ϕ���D� x3�2 � x22 � 2�y′3�2�
� cos�2ϕ��3Dy′3 � x2y′2 � x3y′3� � cos�4ϕ��x2y′2 − �D� x3�y′3�
− 2Dx2 cos�ϕ� − 2y′2y

′

3 cos�3ϕ�
i

− 4�ν − 1��2ν − 1� arctan
�
p′

3

p′

2

�h
�D� x3� cos�ϕ� � x2 sin�ϕ�

i

− cos�ϕ� arctan
�
p′

2

p′

3

�h
cos�2ϕ� × �3D� x3 − 4ν�D� x3��

� �4ν − 3��D − x2 sin�2ϕ� − x3 � 2y′3 sin�ϕ��
i

� 4�ν − 1��2ν − 1�y′2 arctan
�
x2 − y2
x3 � y3

�

� p3 arctan
�
p2

p3

�
sin�2ϕ�

� 1

4
log�r′22 �

h
sin�ϕ��16ν2�D� x3� − 4ν�7D� 3x3� � 11D� x3�
� sin�3ϕ��4ν�D� x3� − 3D − x3� � �4�5 − 4ν�ν − 5�x2 cos�ϕ� � �3 − 4ν�x2 cos�3ϕ�
� 2�4ν − 3�y′3 cos�2ϕ� � 8�ν − 1��2ν − 1�y′3

i

−
1

2
p3 cos�2ϕ� log�r′21 �; �61�
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I323′ �
x3
r′22

h
�D2 − x22 − x23� cos�ϕ� � sin�2ϕ��Dy′3 � 3x2y′2 − x3y′3� � sin�4ϕ���D� x3�y′3 − x2y′2�

� cos�3ϕ���D� x3�2 � x22 � 2�y′2�2� − cos�4ϕ���D� x3�y′2 � x2y′3�
� cos�2ϕ��x2y′3 − �3D� x3�y′2� − 2Dx2 sin�ϕ� − 2y′2y

′

3 sin�3ϕ�
i

− 4�ν − 1��2ν − 1� arctan
�
p′

2

p′

3

�h
x2 cos�ϕ� × −�D� x3� sin�ϕ�

i

− p2 arctan
�
p3

p2

�
sin�2ϕ�

− sin�ϕ� arctan
�
p′

3

p′

2

�h
�4ν − 3��D� x2 sin�2ϕ� − x3�

� cos�2ϕ��4ν�D� x3� − 3D − 5x3� � 2�3 − 4ν�y′2 cos�ϕ�
i

− 4�ν − 1��2ν − 1�y′3 arctan
�
x2 − y2
x3 � y3

�

� 1

4
log�r′22 �

h
− cos�ϕ��D�4ν�4ν − 5� � 5� � �4ν�4ν − 9� � 19�x3�
� cos�3ϕ��−4ν�D� x3� � 3D� 5x3� � �4�7 − 4ν�ν − 11�x2 sin�ϕ� � �3 − 4ν�x2 sin�3ϕ�
� 2�4ν − 3�y′2 cos�2ϕ� � 8�ν − 1��2ν − 1�y′2

i

−
1

2
p2 cos�2ϕ� log�r′21 �; �62�
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I322′ �
x3
r′22

h
sin�4ϕ���D�x3�y′2�x2y′3�−�−D2�x22�x23�sin�ϕ��sin�2ϕ��−Dy′2�x3y′2�3x2y′3�

−sin�3ϕ���D�x3�2�x22�2�y′3�2�−cos�2ϕ��3Dy′3�x2y′2�x3y′3�
�cos�4ϕ���D�x3�y′3−x2y′2��2Dx2 cos�ϕ��2y′2y

′

3 cos�3ϕ��

�4�ν−1��2ν−1�arctan
�
p′

3

p′

2

�h
�D�x3�cos�ϕ��x2 sin�ϕ�

i

�p3 arctan
�
p2

p3

�
sin�2ϕ�

�cos�ϕ�arctan
�
p′

2

p′

3

�h
cos�2ϕ��4ν�D�x3�−3D−5x3�

−�4ν−3��D�2sin�ϕ��y′3−x2 cos�ϕ��−x3�
i

−4�ν−1��2ν−1�y′2 arctan
�
x2−y2
x3�y3

�

�1

4
log�r′22 �

h
−sin�ϕ��16ν2�D�x3�−4ν�5D�9x3��5D�19x3�
�sin�3ϕ��4ν�D�x3�−3D−5x3���4ν�4ν−7��11�x2 cos�ϕ�
��3−4ν�x2 cos�3ϕ��2�4ν−3�y′3 cos�2ϕ�−8�ν−1��2ν−1�y′3

i

−
1

2
p3 cos�2ϕ� log�r′21 �; �63�
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I333′ �
x3
r′22

h
�x22 � x23 −D2� sinϕ − sin�3ϕ���D� x3�2 � x22 � 2�y′2�2�

� sin�2ϕ��3Dy′2 � x3y′2 − x2y′3� � sin�4ϕ���D� x3�y′2 � x2y′3�
� cos�2ϕ��Dy′3 � 3x2y′2 − x3y′3� � cos�4ϕ���D� x3�y′3 − x2y′2�
− 2Dx2 cos�ϕ� − 2y′2y

′

3 cos�3ϕ�
i

−
1

2
arctan

�
p′

3

p′

2

�h
cos�3ϕ��−4ν�D� x3� � 3D� x3� � �4�7 − 4ν�ν − 13�x2 sinϕ

− cos�ϕ��16ν2�D� x3� − 20ν�D� x3� � 7D� 5x3�
� �3 − 4ν�x2 sin�3ϕ� � 2�4ν − 3�y′2 cos�2ϕ� � 2�4ν�2ν − 3� � 5�y′2

i

� p2 arctan
�
p3

p2

�h
4ν� cos�2ϕ� − 3

i

� 1

4
log�r′22 �

h
sin�3ϕ��−4ν�D� x3� � 3D� x3�
− sin�ϕ��16ν2�D� x3� − 20ν�D� x3� � 7D� 5x3�
� �4ν�4ν − 7� � 13�x2 cos�ϕ� � �4ν − 3�x2 cos�3ϕ�
� 2�4ν − 3�y′2 sin�2ϕ� − 2�4ν�2ν − 3� � 5�y′3

i

� 1

4
log�r′21 �

h
2�D − x3� sin�ϕ��4ν� cos�2ϕ� − 2�

� �7 − 8ν�x2 cos�ϕ� − x2 cos�3ϕ� � 8νy′3 − 2y′2 sin�2ϕ� − 6y′3
i
; �64�

and finally,
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I332′ �
x3
r′22

h
sin�4ϕ��x2y′2 − �D� x3�y′3�� sin�2ϕ���3D� x3�y′3� x2y′2�− �x22� x23 −D2�cosϕ

� cos�4ϕ���D� x3�y′2� x2y′3�� cos�2ϕ��x3y′2� 3x2y′3 −Dy′2�
− cos�3ϕ���D� x3�2� x22� 2�y′3�2�− 2Dx2 sin�ϕ�− 2y′2y

′

3 sin�3ϕ�
i

� 1

2
arctan

�
p′

2

p′

3

�h
−4ν�4ν− 5��D� x3� sin�ϕ�− sin�3ϕ��−4ν�D� x3�� 3D� x3�

− �7D� 5x3� sin�ϕ�− �4�7− 4ν�ν− 13�x2 cos�ϕ�− �4ν− 3�x2 cos�3ϕ�
− 2�3− 4ν�y′3 cos�2ϕ�− 2�4ν�2ν− 3�� 5�y′3

i

−p3 arctan
�
p2

p3

�
�3− 4ν� cos�2ϕ��

� 1

4
log�r′22 �

h
cos�ϕ��16ν2�D� x3�− 20ν�D� x3�� 7D� 5x3�
� cos�3ϕ��−4ν�D� x3�� 3D� x3�� �4ν�4ν− 7�� 13�x2 sinϕ
��3− 4ν�x2 sin�3ϕ�� 2�4ν− 3�y′3 sin�2ϕ�− 2�4ν�2ν− 3�� 5�y′2

i

� 1

4
log�r′21 �

h
2x2�−4ν� cos�2ϕ�� 4� sinϕ

� 2�D− x3�cos�ϕ��−4ν� cos�2ϕ�� 2�� 8νy′2 − 2y′3 sin�2ϕ�− 6y′2
i
: �65�

Examples of displacement fields occasioned by distributed
anelastic strain are given in Figure 4. There are two important
end members, one for shear sources and the other for isotropic
sources.

Numerical Solution with the tanh Quadrature

We use the tanh quadrature to convolve the Green’s
functions with the equivalent body forces. To do so, we write
the integral in canonical form using the change of variable
y′2 � u′T=2 and y′3 � �1� v′�W=2:
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u2 � sinϕ
�
�λϵikk � 2μϵi22�

W
2

Z
1

−1
G22�y2�T=2; �1� v′�W=2�; y3�T=2; �1� v′�W=2��

− G22�y2�−T=2; �1� v′�W=2�; y3�−T=2; �1� v′�W=2��dv′

�2μϵi23
T
2

Z
1

−1
G22�y2�u′T=2; W�; y3�u′T=2;W�� − G22�y2�u′T=2; 0�; y3�u′T=2; 0��du′

��λϵikk � 2μϵi33�
T
2

Z
1

−1
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The solution for u3 can be obtained using the proper Green’s
functions, by substituting G22 for G23 and G32 to G33. The
analytic solution and the numerical solution with the tanh
quadrature converge with increasing integration points, down
to double-precision floating-point accuracy. As expected, the
analytic solution can be evaluated several orders of magni-
tude faster.

Stress and Strains

Given the displacement field, the stress and strain can be
obtained analytically, or by finite difference, following equa-
tion (9). We generate the solutions for the displacement gra-
dient by taking the derivatives of displacement analytically in
Mathematica. We then export these expressions in forms that
can be evaluated in computer programs. We validate this pro-
cedure by comparing the analytic solutions to results obtained
by finite difference of the displacement field. Examples of

stress components for a deformation in plane strain are shown
in Figures 5 and 6. Awide range of anelastic strain orientations
and distributions are shown in Ⓔ Movie S2.

Distributed Deformation of Finite Strain
Volumes in 3D

The Earth’s deformation occurs at all scales, from the most
localized, around faults, to the most distributed, in the mantle.
Understanding the effect of distributed strain on deformation
and stress in the Earth’s interior allows us to describe many
important processes that are activated by volcanic unrest or
throughout the earthquake cycle, including viscoelastic, poroe-
lastic, and thermoelastic effects. Describing these effects in 3D
is key to more realistic models of deformation data.

Problem Definition for Vertical Strain Volumes

We now consider deformation in a 3D half-space. We
consider a cuboid volume of length L, width W, and thick-
ness T, buried at depth D, and subjected to the six indepen-
dent eigenstrain components ϵi11, ϵ

i
12, ϵ

i
13, ϵ

i
22, ϵ

i
23, and ϵi33

(Fig. 7). In tensor notation, the eigenstrain is
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We write ϵikk, the trace of the eigenstrain tensor. This gives
rise to the moment density tensor:

EQ-TARGET;temp:intralink-;df68;313;376m � C : ϵi
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The deformation in the half-space due to elastic coupling can
be attributed to equivalent body forces:

EQ-TARGET;temp:intralink-;df69;313;258f � −∇ ·m � −
λϵikk;1 � 2μϵi11;1 � 2μϵi12;2 � 2μϵi13;3
2μϵi12;1 � λϵikk;2 � 2μϵi22;2 � 2μϵi23;3
2μϵi13;1 � 2μϵi23;2 � λϵikk;3 � 2μϵi33;3
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The spatial extent of the eigenstrain can be defined
with the generalized boxcar function Π�x�, with Π′�x� �
δ�x� 1=2� − δ�x − 1=2� and S�x� � Π�x − 1=2�, with
S′�x� � δ�x� − δ�x − 1�. We have the eigenstrain distribu-
tions of the form:
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So we have the equivalent body forces

Normalized distance (x2)

N
or

m
al

iz
ed

 d
ep

th
 (

x 3
)

N
or

m
al

iz
ed

 d
ep

th
 (

x 3
)

0

2

4

6

0
(a)

(b)

2

4

6

–4 –2 0 2 4

–0.6 0
Pressure (normalized)

–0.6

Figure 4. Displacements (arrows) and pressure (background
color) in plane strain due to distributed anelastic strain in a rectangular
strain region (black dashed box). (a) Case of isotropic anelastic strain in
a shallow strain region highlighting the amplification effect of the free
surface. (b) Cause of anelastic shear strain ϵi23 in a finite strain region.
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Figure 5. (a) Pressure and other stress components (b) σ23, (c) σ22, and (d) σ33 due to anelastic strain ϵi23 in a rectangular strain region
(black dashed box). The corresponding displacement field is shown at the bottom of Figure 4.
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Figure 6. (a) Pressure and other stress components (b) σ23, (c) σ22, (d) σ33 due to isotropic anelastic strain ϵikk ≠ 0 in a shallow rec-
tangular strain region. The corresponding displacement field is shown in Figure 4a. An isotropic source of anelastic distributed deformation
only pressurizes regions close to the free surface.
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Green’s Function Formulation

We obtain the displacement field by solving Navier’s
equation using the Green’s functions for a point source in
a half-space, located at (y1, y2, y3), observed at (x1, x2, x3),
in which x3 is defined positive downward. As the solu-
tion involves the method of images, we define the radial
distances:

EQ-TARGET;temp:intralink-;df72;313;643

R1 � ��x1 − y1�2 � �x2 − y2�2 � �y3 − x3�2�1=2
R2 � ��x1 − y1�2 � �x2 − y2�2 � �x3 � y3�2�1=2: �72�

The displacement in the direction i due to forces pointing
in the direction j is given by the point-source Green’s func-
tions Gji�x1; x2; x3�, which are described by Mindlin
(1936), Press (1965), Okada (1985), and Segall (2010). We
write below a formulation that is compatible with our choice
of coordinates. The horizontal components are symmetric to
each other
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and the displacements due to a point force pointing in the e3
direction are
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The displacement field is then given by

EQ-TARGET;temp:intralink-;df75;55;721ui �
ZZZ ∞
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in which Einstein’s summation convention is assumed. Each
displacement component can be obtained by substituting
i � 1, 2, 3.

Using the spatial distribution of equivalent body forces,
we can write the displacement field explicitly:
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Integrating out the delta functions, we get the simplified ex-
pression
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Analytic Solution

The displacement field is given in closed form by
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in which we have used the following notation based on
Chinnery’s to evaluate the bounds
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and where we defined the following indefinite integrals:
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The closed-form solutions are below:
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Examples of surface displacements are given in Figures 8–12
and in Ⓔ Movie S3.

Stress and Strains

Strains can be obtained by differentiating the total dis-
placement by finite difference or analytically. The displace-
ment gradient is written analytically as
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� 2μϵi13�Ji323;j � Ji112;j� � �λϵikk � 2μϵi22�Ji213;j
� 2μϵi23�Ji212;j � Ji313;j� � �λϵikk � 2μϵi33�Ji312;jjj:

�108�
We generate the 81 independent components Jijkl;m using
Mathematica and then export the expressions in forms that
can be evaluated by computer programs, making sure to
avoid mathematical artifacts, with the exception of the
unavoidable singularities at the eight corners of each strain
volume. Then, the stress components are obtained follow-
ing equation (9). Examples of stress fields generated by
anelastic strain are shown in Figures 8–13.

Figure 9 illustrates that isotropic sources of anelastic
strain create little isotropic stress in the surrounding
rocks. This property may be exploited to decouple the gov-
erning equations of poroelasticity in a full-space (Rice and
Cleary, 1976). Our solutions illustrate the remaining iso-
tropic stress interaction resulting from the presence of
the free surface. This effect vanishes with increasing depth
of the source.

Problem Definition for Dipping Strain Volumes

We consider the case of dipping strain volumes in a half-
space. We define two systems of coordinates. The unprimed
system of coordinates is aligned with the free surface and in
the strike direction of the strain volume (Fig. 14). The primed
system of coordinates is aligned with the fault. We consider a
cuboid volume of length L in the strike direction e1, of width
W in the dip direction e′3, and thickness T in the normal di-
rection e′2. The relationships between the primed and un-
primed coordinates are
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x′2 � x2 sinϕ − �x3 −D� cosϕ
x′3 � x2 cosϕ� �x3 −D� sinϕ �109�

and
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x1 � x′1

x2 � �x′2 sinϕ� x′3 cosϕ

x3 � −x′2 cosϕ� x′3 sinϕ�D: �110�

The volume is buried at a depth D and is subjected to
six independent eigenstrain components ϵi11, ϵi12, ϵi13,
ϵi22, ϵi23, and ϵi33 expressed in the unprimed system of
coordinates.

The spatial extent of the eigenstrain can be written as
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with x′2 � x′2�x2; x3� and x′3 � x′3�x2; x3�. Or, more explicitly
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We have defined
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which describes where the strain is applied. The deformation
in the half-space due to elastic coupling can be attributed to
the equivalent body forces
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So we have
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Figure 7. Six independent strain components on a finite cuboid volume and associated distribution of equivalent body forces. The dashed
volume represents the anelastic deformation.
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maximum value. Similar results for anelastic strain component ϵi22 can be obtained by symmetry.
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Figure 10. (a) Surface displacement, (b) stress component σ12, and (c) pressure fields due to anelastic shear strain ϵi12. The map view of
pressure is at the center of the strain volume (x3 � 2). The cross section is taken along the profile A–A′. Horizontal anelastic strain occurs in
viscoelastic relaxation following strike-slip earthquakes.
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Figure 11. (a) Displacement and (b) stress component σ33 for anelastic strain component ϵi33. The cross section is running along the
profile A–A′. Anelastic strain components ϵi11 (Fig. 8), ϵi13 (Fig. 9), and ϵi33 are relevant to model viscoelastic deformation at convergent
margins or transform boundaries.
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Figure 12. (a,c) Surface displacement and (b,d) cross section along profile A–A′ of isotropic stress for isotropic anelastic strain in (a,b)
vertical and (c,d) 45°-dipping strain volume. The top and bottom of the strain volume are shown in map view with a solid and dashed profile,
respectively. The cross sections are running along the A–A′ profiles (dashed lines in map view). Isotropic sources of deformation are relevant
to represent the effects of thermoelasticity or poroelasticity, in which thermal expansion of fluid injection in a porous matrix causes the solid
matrix to expand. Isotropic anelastic strain does not incur isotropic stress in the surrounding rocks except for the effect of the free surface,
which disappears with increasing depth of the source.
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Green’s Function Formulation

The displacement field can be obtained by the convolu-
tion of the body forces with the Green’s function as follows:
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Using the spatial distribution of equivalent body forces, we
can write the displacement field explicitly:
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in which each component can be obtained by substituting
i � 1, 2, 3, and the Green’s function Gij is for Gij�y1; y2; y3�.
To simplify the problem, we now change the variables of in-
tegration from dx2dx3 to dx′2dx

′

3 as follows:
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in which the expression Gij�y1; y2; y3� is short for
Gij�y′1; y2�y′2; y′3�; y3�y′2; y′3��. We simplify the bounds of in-
tegration again
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The solution for each ui can be obtained using the proper
Green’s functions, defined in equations (73) and (74).

Numerical Solution with the tanh Quadrature

We use the tanh quadrature to convolve the Green’s func-
tions with the equivalent body forces (equations 115 and 116).

To do so, we write the integral in canonical form using the
change of variable y′1 � �1� u′�L=2, y′2 � v′T=2, and
y′3 � �1� w′�W=2:
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In this form, the classic algorithms for numerical integration
can be directly applied. We accompany this article with com-
puter codes that provide the numerical solution with arbitrary
accuracy, free of any numerical artifacts, with the exception of
singularities at the precise location of the eight strain volume
corners. Examples of displacement and stress for distributed
anelastic strain in dipping strain volumes in 3D are shown in
Figures 15 and 16. Displacement and stress for dipping pres-
sure sources are shown in Figure 12.

Semianalytic Solution with a Spectral Method

We use the spectral method Relax (Barbot and Fialko,
2010a,b) to solve Navier’s equation numerically. The method
relies on an analytical solution in the Fourier domain for the
displacement field due to an arbitrary distribution of body

forces. We use the body forces defined in equations (115)
and (116) for 3D dipping strain volumes. The total strain is
obtained by finite difference, and the stress is obtained by
combining the total strain with the eigenstrain following
equation (9). The displacement and stress fields using the
spectral method agree with other solutions within a 1% error,
which is due to the undesirable periodicity of the discrete
Fourier transform, and the necessity of smoothing the equiv-
alent body forces to avoid spurious oscillations.

Conclusions

We presented fundamental solutions for the displace-
ment and stress caused by distributed anelastic deformation
in a half-space. The solutions are valid under the infinitesi-
mal strain approximation and linear isotropic elasticity.
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These solutions represent much-needed tools to probe the dis-
tributed deformation in the Earth’s interior using geodetic and
other geophysical observations. The description of the stress
interactions provide the building blocks to simulate the dy-
namics of stress evolution around plate boundaries, incorpo-
rating off-fault and distributed deformation, including the
viscoelastic and poroelastic effects. The solutions presented
here are limited to uniform elastic properties. This assumption
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Figure 15. (a) Surface displacement in map view, (b) stress com-
ponents σ12, and (c) σ13 in a cross section along the A–A′ profile due
to anelastic shear strain ϵi12, defined in the primed system of coor-
dinates tied with the strain volume. The map projection of the bottom
of the strain volume is shown with the dashed rectangle in map view.

−6

−5

−4

−3

−2

−1

0

1

2

3

4

5

6(a)

(b)

(c)

−6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6

N
or

m
al

iz
ed

 d
is

ta
nc

e 
(x

1)

6

5

4

3

2

1

0

N
or

m
al

iz
ed

 d
ep

th
 (

x 3)

–0.5 0 0.5
Shear stress component σ23

(normalized)

–0.5 0

Uplift (normalized)

–0.5

−6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6

Normalized distance (x2)

6

5

4

3

2

1

0

N
or

m
al

iz
ed

 d
ep

th
 (

x 3)

–0.5 0 0.5
Shear stress component σ11

(normalized)

A A’

A A’

A A’

Figure 16. (a) Surface displacement in map view, (b) stress
components σ23, and (c) σ11 in a cross section along the A–A′ pro-
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bottom of the strain volume is shown with the dashed rectangle in
map view.
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strain volume of length L, thickness T, and widthW, buried at depth
D, and dipping an angle ϕ. The primed coordinate system is aligned
with the strain volume. Both systems of coordinates point in the
strike direction, such as e′1 � e1. For ϕ � π=2, the two systems
are identical except for a translation.
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allows closed-form analytic solutions. Admittedly, more real-
istic representations of the Earth’s constitutive properties
should be included, which we postpone to future work.

Data and Resources

The MATLAB computer programs used in the article
are available at https://bitbucket.org/sbarbot (last accessed
February 2017). The Relax modeling software is hosted at
www.geodynamics.org (last accessed February 2017) with
support from the Computational Infrastructure for Geody-
namics.
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