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Displacement and Stress Associated with Distributed Anelastic
Deformation in a Half-Space

by Sylvain Barbot, James D. P. Moore, and Valére Lambert

Abstract We present a suite of analytical and semianalytical solutions for the dis-
placements, strains, and stress due to distributed anelastic deformation of finite strain
volumes in a half-space for cuboid sources. We provide the solutions in the cases of
antiplane strain, plane strain, and 3D deformation. These expressions represent power-
ful tools for the analysis of deformation data to image distributed strain in the Earth’s
interior and for the dynamic modeling of distributed deformation off faults, including
thermoelasticity, poroelasticity, and viscoelasticity. We include computer programs
that evaluate these expressions free of major singular points. Combined with formulas
that describe the deformation around faults, these solutions represent a comprehensive
description of quasi-static deformation throughout the earthquake cycle within the

lithosphere—asthenosphere system.

Electronic Supplement: Animations of displacement and stress.

Introduction

The last few decades have witnessed an explosion of
studies on fault processes, from kinematic modeling of geo-
detic data to dynamic modeling of fault rheology. These
studies were made possible by fundamental solutions
that describe the stress and displacements incurred by
the rocks surrounding moving faults (Steketee, 1958; Chin-
nery, 1963; Savage and Hastie, 1966; Sato and Matsu’ura,
1974; Iwasaki and Sato, 1979; Okada, 1985, 1992). In con-
trast, off-fault and distributed deformation have received
little attention. For example, the dynamic modeling of vis-
coelastic relaxation or poroelastic rebound still relies on
computationally intensive numerical methods (e.g., Barbot
and Fialko, 2010a). In addition, the direct imaging of dis-
tributed deformation using inverse methods is still imprac-
tical, severely limiting our insight on potentially important
processes of stress evolution. To remedy this, we describe
the displacement and stress incurred on the surrounding
rocks by distributed anelastic strain. These solutions pro-
vide the building blocks to constrain the kinematics of de-
formation in the Earth’s interior using deformation data.
Our description of stress interactions enables the dynamic
modeling of stress evolution, including distributed defor-
mation in the crust due to the flow of fluids or the diffusion
of temperature, or viscoelastic flow of the lower crust and
asthenosphere. Combined with formulations that describe
stress interactions around faults, the result is a comprehen-
sive representation of the kinematics and dynamics of de-
formation in the lithosphere—asthenosphere system.
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Our goal is to describe closed-form analytic solutions
for the displacement and stress occasioned by an arbitrary
distribution of anelastic deformation in the Earth’s interior.
Here, anelastic deformation refers to any thermodynamically
irreversible process of deformation, which includes thermo-
elasticity, poroelasticity, and viscoelasticity. To make the
problem tractable, we focus on anelastic deformation con-
fined in finite cuboid volumes. More complex deformation
can be reproduced by a linear combination of these elemen-
tary solutions. Being the first to tackle this problem, we seek
alternative descriptions that cross validate each other. In ad-
dition to providing analytic solutions, we describe several
numerical approximations that constitute independent points
of comparison. To make our results most useful, we provide
computer codes to evaluate the mathematical expressions
free of major numerical artifacts. These expressions contain
singular points solely at the corners of each anelastic strain
region.

This article describes the derivation of the analytic and
numerical solutions and provides some illustrative examples.
We start with a short introduction to the concepts of eigen-
strain and equivalent body forces that are central to describ-
ing anelastic deformation. We then derive the displacement
and stress kernels for the case of antiplane strain. In the next
two sections, we derive the solutions for the cases of plane
strain and 3D deformation.
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Eigenstrain and Equivalent Body Forces

To represent the effect of distributed strain in the volume,
we employ the method of equivalent body forces (Barbot and
Fialko, 2010a,b). We assume that the total strain in the
medium is the sum of the elastic and anelastic contributions

(1)

in which €’ represents the cumulative anelastic strain. The con-
stitutive stress strain relationship applies for elastic strain, so in
general we have

€e=¢ +¢€,

c=C: (2)
in which o is the Cauchy stress and C is the elastic moduli
tensor, assumed independent of anelastic strain. Many aspects
of the Earth’s quasi-static deformation throughout the earth-
quake cycle may be encapsulated in this formulation (Barbot
and Fialko, 2010a), including thermoelasticity, Newtonian,
Burgers or power-law viscoelasticity (Masuti et al., 2016), po-
roelasticity, and even faulting. Isotropic anelastic strain may
represent thermoelastic and poroelastic processes or bulk
viscosity. Deviatoric anelastic strain may be due to viscoelas-
tic flow.

In this framework, anelastic strain can be associated
with equivalent body forces as follows. The conservation of
linear momentum at steady state can be written:

€°,

V.e=V-(C:¢€) =0, 3)
in which the single dot indicates the vector dot product. Sub-
stituting €¢ = € — €/, we get the inhomogeneous equation for
the total strain:

V- (C:e)=V-(C:¢€)=0. 4)

As €' is given, we define a moment density

m=C:¢, (5)
that is independent of the dynamic variables. As a result, for
any distribution of anelastic strain (or eigenstrain) €/, we can
associate a distribution of fixed equivalent body forces

f=-V-(C:¢)=-V-m. (6)
The total displacement due to anelastic strain and the
elastic response of the medium can be obtained by solving
the momentum equations. For a homogeneous and isotropic
material, the total displacement is obtained by solving
Navier’s equation:

A+ wVV-u+uVu+f=0, (7)
in which 1 and y are the Lamé parameters and yu is the ri-
gidity. Given the total displacement u, we can obtain the
total strain with
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1
e=-(Vu+Vu"),

: ®)

in which VuT is the transpose of the displacement gradient.
Finally, the stress field is derived by removing the anelastic
strain contribution:

6c=C:(e-¢€). 9)
Navier’s equation allows us to model elastoplastic deforma-
tion due to an arbitrary distribution of anelastic strain under
the infinitesimal strain approximation. The moment density
is an arbitrary tensor field, and the displacement field can be
obtained with

a0 = [ Gxy) -ty (10)
in which G are the Green’s functions for a point force. To
keep the problem tractable, we assume anelastic strain dis-
tributions that are piecewise homogeneous in cuboid vol-
umes €2, (or in rectangular areas for 2D solutions), so
we can write the displacement solution as

uw~ Y [ Gy nma. (11)
— Jo,

in which f; is the equivalent body force for a homogeneous
anelastic strain in the domain 2. This simplifying assump-
tion allows us to solve equation (7) analytically in closed
form using the displacement kernels

(%) = [2 Gx.y) - F(y)dy. (12)

Arbitrary source distributions can then be obtained by lin-
ear superposition. The displacement kernels u; (x) form the
basic ingredients for forward (e.g., Lambert and Barbot,
2016) and inverse modeling of deformation data. The fol-
lowing sections describe the solution method for antiplane
strain, plane strain, and 3D deformation.

Distributed Deformation of Finite Shear Zones in
Antiplane Strain

The antiplane strain framework is relevant to modeling
deformation at transform plate boundaries (e.g., Barbot ez al.,
2008). In this context, distributed deformation comes about
in the damage zone surrounding faults, the shear zone that
develops at the down-dip extension of faults (Moore and Par-
sons, 2015), and the viscoelastic flow that accommodates the
transport of rigid plates (Lambert and Barbot, 2016).

Problem Definition

We consider the elastic deformation in antiplane strain
caused by distributed anelastic strain in an elementary rec-
tangular area, which we refer to as a shear zone. We consider
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Figure 1. Position and orientation of a shear zone or thickness
T and width W, buried at depth D, dipping an angle ¢, and striking
in the e; direction. The prime coordinate system is aligned with the
shear zone. Both systems of coordinates point in the strike direction,
such as e; = e,. For ¢ = /2; the two systems are identical except
for a translation.

two systems of coordinates. The unprimed system of coor-
dinates is aligned with the free surface and in the strike di-
rection of the shear zone (Fig. 1). The primed system of
coordinates is aligned with the fault. In the case of antiplane
strain, we have u;; = Ofori =1,2,3 and u; = u; = 0. We
apply anelastic deformation in a rectangular area of width W
in the dip direction €, and of thickness 7 in the normal
direction e,. The relationships between the primed and
unprimed coordinates are:

X,I = X
X, = X, sin¢ — (x3 — D) cos ¢

X3 = x¢08¢ + (x3 — D) sing (13)

and
x| = X,
Xy = +x, sin¢ + x; cos ¢

X3 = —X, €08 + x5 singh + D. (14)
The shear zone is buried at a depth D in the e; direction. The
volume is subjected to two independent eigenstrain compo-
nents €', and €/, which are expressed in the unprimed sys-
tem of coordinates.

The spatial extent of the eigenstrain can be defined with
the generalized functions S(x) = II(x — 1/2), with §'(x) =
6(x)—6(x—1) and TI(x) =H(x+1/2)—H(x—1/2),
H(x) being the Heaviside function. Using a combination
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of primed and unprimed coordinates for convenience, we
can write the distribution of eigenstrain as

. . x, x, .
€};(x2, x3) = eﬁ.jH(%)S(ﬁ) = €}, Q(xz, x3), (15)

with x, = x)(x5,x3) and x3 = x5(x,, x3). Or, more explicitly

. . ing — -D
ran = (== DIeo)

5 S(x2 cos¢ + (x3 — D) sim/)).

- (16)

We have defined the functions

Q(xy, x3) = H(Xé(x;, x3))S(xg (xvzv, x3))

X, X,
Q'(xy,x;) =TI 2],
(X3, X3) (T) (W)
which describe where the strain is applied. The deformation

in the half-space due to elastic coupling can be attributed to
the equivalent body forces

(17)

(18)

[ = 2uely 5 + 2uely s,
with f, = f3 = 0. Because of the presence of two systems

of reference, we use the chain rule. The equivalent body
force becomes

f1 = —2uei, (2, singp + Q5 cos )
+ 2u€l5 (=€, cos ¢ + 5 sin )
= —sinp(2uel,Q, + 2uei; Q)

— cos P(2uel, Q5 — 2ueiY,). (19)

To be clear, we use the notation

O — O (x, x5, x5) .

So we have the equivalent body forces:

s 53 <2 H )
win()al )]}
resfuia()3 346

o1 x, 1 x, 1
‘2”6137[5(7‘2)‘5(r+z
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Analytic Solution

The displacement field can be obtained by solving Nav-
ier’s equation, which simplifies to the inhomogeneous Pois-
son’s equation in antiplane strain:

1
Uy + U3z + ;fl = 0. (22)

We will solve Poisson’s equation using the Green’s function
method, where the displacement in the direction i due to
forces pointing in the direction j are given by the point-
source Green’s functions Gj;(xy, X5, x3). By double integra-
tion in cylindrical coordinates and after using the method of
images, we find the Green’s function in antiplane for a point
source located at (y,, y3):

1
Gi1(x2,x3) = —m[ln((xz —y2)? + (x3

Then, the displacements are obtained using the convolution
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=T/2
=-T/2

-0 dyz}

. T/2 , , , , y’:W ,
+COS¢{2M€’12/T Gu[yz(yz,yg),%(yz,m)” fzo dy,

=T/2
dy,¢.
=-T/2 y3}

(27)

(W
u = sinf/}{%ﬁ’uA G [yz(yz,yg) ys()’zs)’s)] dy;

. T/2 . . R
+2ﬂ€'13/ G [)’2()’2:)’3)0’3()’20’3)] ;
-T/2 V3

—21463% Gn[yz(yz,y;) y3 (5, y3)]

(Here, the relation [%° §(ax)dx = 1/]a| has been useful.)

—y3)3) +1In((x2 — y2)* + (x5 + y3)?)]. (23)

_1 0
up(xp,x3) = m//_ F1(r2.¥3) In((x2 — y2)* + (x3 — y3)*)dyady;

4_—1/ ~ F1(2, y3) In((x2 — y2)* + (x5 + y3)?)dy,dy;. (24)
i J) o

Using the spatial distribution of equivalent body forces
(equation 21), we can write the displacement field explicitly:

. 00 1
U, = —i—sind){Zue’]z/]_ %[ (———) 5(y2 %)]S(yWS)Gn(yz y3)dyady;

o ) )
oo [ e

—5(y—2+l):|5(y3)G11()’2 y3)dy2dy3} (25)

i

To simplify the problem, we now change the variables of in-
tegration from dy,dys; to dy,dy;:

=iy [ [o(2
+2ue’i3/f ()

oo [ ()
i L H4-)-

in which the expression Gy(y;,y;) is short for
G112y, ¥3), ¥3(¥5, ¥3)]. We simplify the bounds of inte-
gration again by integrating over the delta functions:
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G (2, )’3)dY2d)’3}

.
1) - 5(—3)]G11()’2~ y3)dy,dys

) - 5(y72 + %)]S(&)Gn(yz, y3)dy,dy;
[ ( 1) —5(%)}G11(yz,y3)dy'zdyé}
1) —5(W*) G

5()%24‘% ] (W)Gn()’z )’3)d)’zd)’3}» (26)

11(y2s Y3)d)’2d)’z

}
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We then expand the expression in terms of primed variables

=T/2
¥,==T/2

-0 d)’z}

P T/Z ro. ’ ’ ro. 3=
+ 2uel, / Gy, [y2 sin¢ + y;cos ¢, —y, cos ¢ + y; sin ¢ + D] )j
-T/2 ¥

u = Sin(/){Zye’iz[ Gy, [y2 sing + y; cos ¢, —y, cos ¢ + y; singh + D] dy;
0

. [T/2 . , , . =W
+ COS¢{2ﬂ6112/ G [y2 sin ¢ + y; cos ¢, =y, cos ¢ + y, sing + D] y‘? dy,
-T/2

¥;=0

2 ,
=/ dy3}, (28)

Yy=—T}2

—2,ue’i3A Gll[y2s1n¢+y3cos¢ yzcos¢+y3sm¢+D]

and we substitute the Green’s function for its definition (equa-
tion 23) to get

— w .. , , . yVZ:T 2 ,
u = o |:smgl){€12 L In((x, — y, sin ¢ — y; cos d)? + (x5 + Y, COS ¢h — y5singh — D)?) dy;
y,==T/2
o w o ) 5 ) %=T/2
+€l, /(; In((x; — y, sing — y; cos ¢h)” + (x3 — y2 cos ¢ + y3 sin ¢ + D) ) dy;,
yy=—T/2
) o ) 5 ) . 5 =W
+el5 [T/2 In((x; — y, singp — yy cos ¢)* + (x3 + y, cos ¢ — y;singp — D)) ' dy,
_ ¥,=0
) o ) ) o y=W
+ely / In((x; — y, sin g — y3 cos ) + (x3 — y;, cos ¢ + y3 singp + D)?) dyz}
-T/2 y;‘:O
. T/2 . , 5 , o 5 V=W )
+cosgiel, / . In((x; — y, singp — y; cos )™ + (x3 + y,cos ¢ — y;singp — D)) dy,
-T y;:O
) o ) ) . =W
+e’12/ In((x; — y5 sing — y3 cos p)* + (x3 — y, cos ¢ + y; singp + D)?) dy,
-T/2 y3=0
i w .o , 2 , . 5 y,=T/2 )
—€l, A In((x; — y, sing — y; cos ¢§)* + (x3 + y, cos ¢ — y;singp — D)”) dy;
y'2:—T/2

A . / / . »=T/2
—€ls A In((x; — y, sing — y; cos $)? + (x3 — y, cos ¢ + y; sing + D)?) / dy3}i|, (29)
y2=—T/2

which represents only four separate indefinite integrals. The v
solution is obtained in closed form as follows: J12 = —2r, arctan (ri) ryIn(ry +r3)
2
-1 . . _ 53 2
u = . [sin ¢{€l12(112 + Kyp) +e3(J13 + KIS)} K1y = =2, arctan (sz) ln(r2 +53)
+ 005‘15{612(]13 + Ki3) —€i3(Jin + K12)}]’ (30) Ji3 = =215 arctan(r ) roIn(r3 + r3)
3
in Wl.liCh Fhe integrals 112’, K>, J13, and K |5 are defined t')elow. K3 = 25, arctan (Sz) —syIn(2 + 53|, (32)
To simplify the expressions, we make use of the Chinnery 3

(1963) notation, defined here as:

with the substitutions

fO )| = F(T/2.W) = F(=T/2, W)
- f(T/2.0) + f(-T/2,0).  (31)

Iy =X, — Y, = Xy — Y, sing — y;cos¢

We have the following integrals in closed form: ry=Xx3=y3 =x3+y,c08¢ —y;sinp—D, (33)
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also including

ry = rysing — r3 cos ¢

ry = rycos ¢ + rysing, (34)
for the source, and
53 = X3 — Y, €08 + yysingh + D
S5 = rysing + s3cos ¢
S5 = 1, CO8 ¢ — s38in ¢, (35)

for its image. Examples of displacement fields in the (x,, x3)
plane are shown in Figure 2. The displacement field for a wide
range of anelastic strain orientations and shear-zone geom-
etries are shown in () Movie S1, available in the electronic
supplement to this article.

We note that the elastic displacements due to distributed
anelastic strain in a finite shear zone converges to those due
to a pair of screw dislocations with slip s in the limit of
e’i3 = 0, vanishing thickness 7, and infinite anelastic strain
€}, = s/T. Our solution (equation 30) for the displacements
due to distributed anelastic deformation therefore represents
a unified expression for plastic deformation from localized to
more distributed. This is illustrated in Figure 2. This result
holds true for deformation in plane strain or 3D.

Numerical Solution with the tanh Quadrature

The displacement field can be obtained with arbitrary
accuracy using a double exponential numerical quadrature
(Haber, 1977), which is particularly useful when integrating
singular expressions. We implement this numerical solution
to provide us with an independent validation of our analytical
solutions. We therefore convolve the Green’s functions with
the equivalent body forces (equation 21) numerically. To do
so, we write the integral in the canonical form of the tanh
quadrature using the change of variable y, = v'T/2 and
y3 = (1 +w)W/2. We get

. WM ro. , , / .
u = sin¢{2/4€’127/1 G| yysing + (1 +w)W/2cos ¢, —y, cos¢p + (1 +w)W/251n¢~|—D]
T [1 o, . , , fo.
+2ﬂ€’135/1G11 vT/2sin¢p + yycos¢p,—v T/2cos¢p + y, smq’)—i—D]

. T 1 [ . ’ ’ r.
+cos¢{2ue’12§/ Gy |vT/2sin¢p + y;cos¢h, —v T/200s¢+y3sm¢+D]

1

. W 1 . ’ ’ ’ .
—2/461135/ G| yysing + (1 +w)W/2cos ¢, —y,cos¢p + (1 +w)W/2sin¢ + D]

1
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As expected, the numerical integration converges to the
analytic solution (equation 30) with increasing integra-
tion points, to the limit of double-precision floating-point
accuracy. The analytical solution is most convenient how-
ever, because it is calculated several orders of magnitude
faster.

Stress and Strain

In antiplane strain, the nonzero components of the total
strain are €1, = u1,/2 and €;3 = u; 3/2. The elastic strains
are

e __ i
€12 = €12 — €1y,

(37

e i
613 = €13 —613.

So following equation (9), the corresponding stress compo-
nents are

— i
Oy = Huy o — 2pe,,

013 = puy 3 — 2pel;.

(38)

Here, we describe the analytic solution for stress in the case
of vertical shear zones (the stress components for dipping
shear zones can be obtained by differentiating the corre-
sponding displacement field). In this case, the Chinnery
(1963) notation is

FOr ¥l = f(T/2,D+ W) = f(=T/2,D + W)

- f(T/2.D) + f(-T/2.D) (39)

and the stress components are as follows:

y,=T/2 dw’
y,==T/2
y;=de,
¥;=0
y;:de'
y3=
y'2=T/2

dw’}. (36)

y,==T/2
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Figure 2.  Antiplane displacement due to anelastic strain in a rectangular shear zone (black dashed box). The displacement due to shear in
the €, direction in a rectangular shear-zone dipping 45° is shown in the upper left quadrant. The displacement due to shear in €, and €3 in equal
contributions in a vertical shear zone is in the upper right quadrant. The bottom figures illustrate the convergence of a vertical shear zone to a pair
of screw dislocations for small thickness for anelastic strain €. The normalization distance is proportional to the width of the shear zone.
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Figure 3. (ac) Stress components 6, and (b,d) o5 due to anelastic strain (a,b) e’i2 and (c,d) e’is in a rectangular shear zone (black dashed
box). Anelastic strain in the direction e;®e; corresponds to a stress reduction in the direction e;®e; inside the shear zone. The vertical stress
vanishes at the surface.
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ue
o1 = Z—H [ln((x2 ¥2)* + (3 = y3)?) 4+ In((xy = y2)* + (x5 + }’%)2)] H
L Hen [aretan 37 Y3 _ aretan W} '
n Xy — Y X2 =2

X X3—D 1
—2uet TI II —=
et ()57 -2)

o13 = ﬂ212 [1n((x2 —y2)? + (53— y3)H) —In((x — y2)* + (x5 + )’3)2)i| H

ﬂn 2~

T

Y2 + arctan
-3

+

[arctan

. X2 )C3—D 1
—opel JI( 22 ) =222 ).
()57 -2)

Eigenstrain €', causes shear in the 6,3 and 6, components
and vice versa (Fig. 3). Importantly, the stress change
caused by distributed anelastic strain in the same tensor
direction is always negative. This is a key element of the
solution that allows dynamic simulations of distributed de-
formation. Strain in the direction of stress relaxes the stress
in the shear zone and loads its neighbors.

Distributed Deformation of Finite
Regions in Plane Strain

Many aspects of crustal- and mantle-distributed defor-
mation may be investigated under the plane strain approxi-
mation. This includes diffuse deformation in the mantle
around subduction zones, rifts, and spreading centers. Plas-
tic flow instabilities may also result in acceleration of the
seismic cycle or in other episodic deformation. The diffu-
sion of temperature and pore pressure modulates stress evo-
lution, which may have important implications on the
earthquake cycle. All these processes and their coupling
may be modeled using the anelastic deformation of elemen-
tary rectangular volumes.

Problem Definition

We consider the elastic deformation in plane strain
caused by distributed anelastic strain in an elementary rec-
tangular area. We use the same system of coordinates as the
previous section, but in plane strain we have u;; = 0 for
i=1,2,3,and u; = 0. We define a system of coordinates
e; aligned with the strain region and centered on the top
middle point (Fig. 1). We consider a rectangular area of
thickness 7' and width W buried at depth D subjected to
the eigenstrains €),, €b,, €i,, and €};, with €}; = €,. We
define the dip angle of the strain region as the angle be-
tween the horizontal and the width direction e;. Hence,
the strain region is vertical, and the primed and unprimed
systems of coordinates are parallel for ¢p = z/2. The rela-
tionships between primed and unprimed coordinates are
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X2 —)’2:|
X3+ 3

(40)

given by equations (13) and (14). Using a combination
of primed and unprimed coordinates for convenience, we
can write the distribution of eigenstrain as

X, ,
ezz(xz,x3) = eZZH(TZ)S(W‘) = €),0(x,, x3)

, . ‘
ezg(xz,xg) = 6231_[(;)5(“3/) = €5,Q(xy, x3)

. ‘ X x
€55 (x0, x3) = €§3H(72)S(W

3) = el Q(xp, x3), 41)

with x; = x,(xy,x3) and x; = x3(x,, x3). Or, more explic-
itly

[ i X, sin ¢ — (x5 — D) cos
€5, (X2,Xx3) = 6'221_[( 28ing (; ¢)
o S(xz cos¢ + (x3 — D) sin ¢)
w
i i X, sin @ — (x: — D) cos
€53(x2, x3) = 6’231'[( 28ing (; ) ¢)
y S(xz cos ¢ + (x3 — D) sin ¢)
w
i i X, sin¢@ — (x: — D) cos
€33(x2, x3) = 6’331‘[( 28in¢g (; ) (/))

(42)

» S(xz cos¢ + (x3 — D) singb)'
w

The Q and Q' functions are described in equation (17). We
obtain the equivalent body forces from partial differentia-
tion of the moment density using the chain rule. The equiv-
alent body forces become



Displacement and Stress Associated with Distributed Anelastic Deformation in a Half-Space

829
0 0
f=—| Ael, + 2uehy, + 2uebsy | = —| (Aefy + 2ues)(Q, sing + Q5 cos §) + 2uehy(—Q, cos ¢ + Q5 sin )
2u€ls, + A€l 5 + 2ueks 5 2uebs (U, sing + Q5 cos d) + (A€, + 2uel;)(—Q, cos d + Q5 singh)
0 0

= —sing| (e} + 2ues)Q, + 2uehy Yy | —cos | (el + 2;46;'2)9/ — 2ueby Y,

(43)
2:“6339:2 + (Ae;;k + 21“533)93 2/4523 (ﬂekk + 2:“631)9

So after combining with equation (42), we obtain the equiv-
alent body forces

s 53 o3 D) () 5) )
+cos¢{@ekk+2ue22) (x—;)%[a(’%ww) 5(’5—3)]-zue§3%[5(%-%) _5("—;%)]5(;_;)}

=l in )55 3o D)
+cos¢{ (Aekk+2ue33)1[5(? %) 5(%+%)}S(x—vé)+2ﬂe§3ﬂ(%)%[5(x5v_vw —5(

=[5
\/
| I |
2
~
N
~
e

with f; = 0.
Analytic Solution

The displacement field can be obtained by solving Nav-
ier’s equation using the Green’s function approach. For a line

force in the e, direction acting at (y,, y3), the resulting dis-
placement at (x,, x3) is

-1 3—-4v 82— 12045 x3—y3)>  (B=4v)(x3+y3)* +2y3(x3 +y3) =2y yax3(x; +
Gy = Inr + lnr2—|—( 3 2’3) +( )(x3 4 ¥3) . y3(x3 +y3) Y3 )3 5( %4 ¥3)
2ru(l—v)| 4 4 4r 4r; ry

1 Xy =Yy (x3—y3)(x2—y2) (x3=y3)(x2 —=y2)  y3x3(x2 —¥2) (x5 +y3)
Gpn=——"—[0-20v)(1- t 3-4 - ,
5= 2u(1—1) [( v)(1 -v)arc anx3—|—y3+ 472 +( V) 4r2 A
(45)
in which

1= (x—y)* + (x5 — y3)?

= (xa —y2)* + (x5 + y3)* (46)

For a line force in the e; direction acting at (y,, y3), the
resulting displacement at (x,, x3) is

1 Xy — (x3 —¥3)(x2—y7) (x3=y3)(x2=¥2) | ¥3x3(x2 —¥2)(x3 +¥3)
Gyp=— | =(1=20)(1 —v)arct 3-4
2= 5= |: (I-2v)(1 —p)arc anx3 + y3 4 +( v) 42 + A
1 3—4y 82— 12v+5 (x —yz) 2y303 —(3—41) (X2 —y2)?  y3x3(x0 —y2)?
Gy = - 1 - 1 - - . 47
P 2au(l —V)[ g 4 BT N 4r3 " *7)
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Generally, the displacement field is given by Uy = /] *© F2(32, 3) G (12, v3)dy,dys
oo

+/ 332, 3)G3(y2, y3)dy,dys
o0

® = [ £Gix.y)dy. 48 %
i) /oo fj jl(x ¥)dy ( ) us I[ F2(32,¥3)Go3 (12, ¥3)dy,dys

+/ f3(32,¥3)G33(y2, y3)dy,dys. (49)

in which Einstein’s summation convention is implied. Ex- Using the spatial distribution of equivalent body forces, we

panding the sum, the displacement field is given by can write the displacement field in the e, direction explicitly:

Uy = smd:{(ﬂekk +2ueb,) /f |: (T —%) —6()}?2—1—%)}S(y—‘;) G (y2.y3)dyady;
+2puehs // (72 |: (#) —5(%)}(;22()’2,)’3)@2(1)’3

+(’1€kk+2ﬂ€33) //
y, 1 ¥, 1 y:
+2puel; /L ?_6(72—5) _5(?24-5)_S(—3)G32(y2,y3)dy2dy3}
‘ ‘ o () 1 ;=W ’
+cos¢{(/1€§ck+2,u€’22)// H(%)V_V[é(hw )—5(%3
. 1 (v, 1 ¥ y
—2uél, / L T_a(%—i)—é(?% S(W3 G2(¥2.y3)dydy;
i i o1[ (1 y:
—(ﬂekk+2ﬂ€33)// =8\ =5 -6 S| % G2 (v2, y3)dyadys
o T1°\T 2

+2uel; /[:H(y?z)%[(s(y%v_v )—5(%)}G32()’27)’3)dhd)’3}‘ (50)

To simplify the problem, we now change the variables of in-
tegration from dx,dx; to dx,dx;. So we write

. ; ; oo 1 y, 1 y, 1 Y- C
Uy = sm(/ﬁ{(kkk + 2u€h,) // T [5(72 - E) - 5(72 + E)}S(WS)Gzz(m,)@)ded)’s

:|G22(y2,y3)dy’2dyig

)} G2 (¥2,y3)dy,dy;

w
w

}Gsz()’z» y3)dy,dys

Yy
N (Wg) G2 (y2. y3)dy,dys }

~o(2 }
> H(yTZ) % [5(y3 — W _ 5()‘;3/)]G22(y2,)’3)dy,2d%
: (

w
; oo | y, 1 y, 1 V- C
—2ues, T [6(72 - E) - 6(72 + 5) S(W3) G (y2, y3)dy,dys
. oo 1 y, 1 y, 1 ¥ C
— (A€l + 2pes;) /[)o T [5(72 - 5) - 5(72 + E) S(WS) G3(y2, y3)dy,dys
W )

+
v
B
—
.
-
—
NSt
N—
=~
|
(«%)
—
o~
=/
N—
|
(%)

y3)i|G32(y2,y3)dy'2dy§}, (51)
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in wbicl/l the expression G;;(y, y3) is short for G;;[y, (73, ¥3),
v3(¥,, 3)]. We simplify the bounds of integration again:

. . w , , , , ,
uy, = sin¢{(/1€;<k + 2116122) A G22[Y2(T/2’Y3)v)’3(T/27)’3)] = Gy[y2(=T/2, Y3)ay3(_T/2vY3)]d)’3
. T/2 , , , , ,
+apey |  Glras W), 3505 W)= Gnlsa5 00,205, O
. . T/2 , , , , ,
+(Aegy + 2uess) /T/2 G3[y2(y2: W), y3(2, W)l = Gao[x2(y,, 0), x3(y,, 0)]dy,
. w , , , , ,
+2ueh, A G3y2(T/2,y3), y3(T/2,y3)] = Gao[y2(=T/2, y3), y3(=T/2, y3)]dy3}
. . T/2 , , , , ,
+ cos ¢{(/1€§<k + 2ues,) /T/2 G2 (v, W), y3(y2. W) = Ga[y2(35. 0), y3 (35, 0)]dy,
. w , , , , ,
—2ueh, A Guly2(T/2,y3), y3(T/2,y3)] = Gay2(=T/2, y3), y3(=T/2, y3)]dy;
. . w , , , , ,
—(Aey; + 2uess) A G3ly2(T/2,y3), y3(T/2,93)] = Go[y2(=T/2, y3), y3(=T/2, y3)|dy;

. T/2 , , , , ,
+2uen; [T/2 G3[y2(v2, W), y3(y2. W) = Gao[y2 (35, 0), y3(,. O)]d)’2}- (52)

The solution for u3 can be obtained using the proper Green’s
functions. To be complete, we write

. . w , ; , , ,
uz = sinqb{(ie}ck + 2uel,) /(; G2 (T/2,y3), y3(T/2,y3)] = Gos[y2(=T /2, y3), y3(=T /2, y3)]dys
. T/2 , , , , ,
+2ueh; [T/Z G[y2(y2: W), ¥3(p, W)l = Gos[y2(y,, 0), y3(y,, 0)1dy,
. . T/2 , , , , ,
+(Aegy + 2puess) /T/2 G33[y2(v2, W), y3(y2, W) = G33[x2(y,, 0), x3(v,, 0)]dy,
. w , , , , ,
+2uée; ﬁ G33[y2(T/2,53), y3(T/2,y3)] = Gaaly2(=T/2,3), y3(=T/2, yg)]dy3}
. . T/2 , , , , ,
+ cos ¢{(ﬁ€§<k + 2ues,) /T/2 G2 (v2, W), y3(y2. W) = Gos[y2(y5. 0), y3 (35, 0)]dy,
. w , , , , ,
—2per; /0 Gn[2(T/2,3), y3(T /2, y3)] = Gu3[y2(=T/2,53), y3(=T/2, y3)ldy;
el + 2uey) [ GalyaT/2.5)95(1/2.5)] = Galyal=T/2.57) 35T/ 2.3l

. T/2 , , , , ,
+2ueh, [  Galya (52 W). 1305 W)= Gy 520032 0>1dy2}. (53)

We then obtain the displacement field in closed form with

Sln¢{(’1€kk + 2uen) oyy + 2ueh; (I + Ipz) + (Aefy, + 2ues;) I3y }
+ Cosqﬁ{(’{ekk + 2ue5y) sy + 2uehy(Izy — Insy) — (Aejy + 2uesy) 333 }]) ,

in which we have defined the integrals

2= 87z;4(1 ) [
4+ cos ¢

|

(Aeky 4 2peby) gy + 2u€ss(Izyy — Iypy) — (A€l + 2M€§3)1323’}
(A€l + 2p€5) Iyyy + 2uebs(Iny + I333) + (Aejy + 2uel3) 35y

(54)
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W ’ ’ ’ ’ ’
Ly = 8au(l - V)/O Guly2(T/2,y3), y3(T/2,y3)] = Guly2(=T/2, y3), y3(=T/2, y3)]dy;
/2 , / , , ,
Ly = $u(1 =) [  Olna( W 3505 W)= Gl 00,305, O
/2 , , , , ,
Ly = 8au(l —v) [T/2 G3y2(y2: W), ¥3(32, W)l = Gaofx2 (35, 0), x3(y,, 0)]dy,
W ’ ’ ’ ’ ’
Ly = 8apu(l — V)A G3lya(T/2,y3), y3(T/2,y3)] = G3oly2(=T/2, y3), y3(=T/2, y3)ldy;
W ’ ’ ’ ’ ’
Ly = 8au(l — v)/o Gu3[y2(T/2,3), y3(T /2, y3)] = Gu3[y2(=T/2,¥3), y3(=T/2,y3)ldy;
/2 , , , , ,
Iz = 8mu(l —v) /T/Z Gi[y2(y2: W), y3(¥2, W)l = Go3[y2(,. 0), y3(y,. 0)]dy,
T/2 , , , , ,
Ly = $mu(1 =) [ G5 W03, W] = Gl 03.00.,05, Ol
W ’ ’ ’ o’ ’
335 = 8ru(l — U)A G33[2(T/2,3), y3(T/2,y3)] = Gx3[y2(=T/2,¥3), y3(=T/2, y3)ldys,

and where in this case Chinnery’s notation || refers to

f(y'z,ys)H = f(g,W) —f(—g,W) +f(—%,0) —f(%,o).

Using the following substitutions

Y2 = +y,sing + yycos¢

y3 = =y, 08¢ + yysing + D

rE = (x3 = y3)* + (g = »)?

r3 = (x5 + 3> + (2 = y2)?

p2 = +(x3 = D)cosp — xsin¢p + y,

p3 = —(x3 — D) singy — x, cos §p + y,

P> = —(x3 + D) cos¢p — x,singp + y,

Py = +(x3 + D)sing — x,cos ¢ + y3,
we write the integrals in closed form as

X . . , , ,
Ly = r—; [(x% + x3 — D?) sing + sin(2¢) (3Dy,, + X3, — X5¥3)
]

—sin(3¢)((D + x3)* + x3 + 2(y3)?) + sin(4p) (D + x3)y; + x2y3)
—2Dx; cos ¢ + cos(2¢) (Dy; + 3x,5 — X3Y3)

~ 27 €05(3) + cos(4h) (D + x3)y; = 235 ]
+ %arctan (53) [cos(¢)(16y2(D + x3) —28v(D + x3) + 13D + 11x3)
2
~+ cos(3¢p) (—4v(D + x3) + 3D + 5x3) + (4v(4v — 5) + 7)x, sin(¢h)
+ (3 — 4v)x; sin(3¢p) + 2(4v — 3)y, cos(2¢) — 2(4v(2v — 3) + S)yé]
— p, arctan (&) [3 —4v + cos(2¢)]
P2

+ %log(r/zz) [sin(3¢)(4v(D + x3) — 3D — 5x3)
—sin(¢) (1602 (D + x3) — 28u(D + x3) + 13D + 11x3)
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+ (du(dv = 5) + T)xycos p + (3 — 4v)x, cos(3¢h)
+2(3 — 4v)y) sin(2¢h) — 2(4v (2w - 3) + 5)y’3]

+ %log(r'lz) [(5 — 81)x, cos ¢ + x, cos(3¢h) — 2(D — x3)(4 — 4v + cos(2¢)) sin ¢

+ Uy, + 2y) sin(26) — 6y’3], (58)

Iy = % [— cos p(x3 + x3 — D?) + sin(4¢) (xoy;, — (D + x3)y3) + sin2P)((3D + x3)y5 + X25)
2
+ cos(4g)((D + x3)y, + x2y3) + cos(2¢)(=Dy, + x3y; + 3x2y3)
= cosBA((D + x3)° + 33 + 204)%) = 2Dxs 8in § = 2335 sin(3¢) |
n %arctan(i—?) [—4y(4y —7)(D + x3) sin ¢ — sin(3h) (D + x3) — 3D — 5x3)

3
— (13D + 1lx3)sing — (4(5 — 4v)v — T)xy cos p — (3 — 4v)x, cos(3¢)

— 2(4v = 3)y; cos(2) - 2(4u2w = 3) + 5)y3
+ pj3 arctan (pz) [41/ + cos(2¢) — 3]
Ps3

+ %log(r'zz) [cos d(1602(D + x3) — 28u(D + x3) + 13D + 11x3)

+ cos(3)(4v(D + x3) — 3D — 5x3) + (4v(dv — 5) + T)x, sin ¢

+ (4v = 3)x, sin(3¢) + 2(3 — 4v)y, sin(2¢) — 2(4v(2w — 3) + 5)y’2]
+ %log(r/]z)[—2(D — x3) cos() (4v + cos(2) — 4)

— 2x, sin(@) (4v + cos(2¢) — 2) + 8vy, + 2y, sin(2¢) — 6y’2] (59)

X . / / '
Dy =23 [(—D2 + 33 + %) cos() + sin(2) (~Dy3 = 352} + x375)
2

+ sin(4¢) (X2 — (D + x3)y3) — cos(3) (D + x3)* + x3 + 2(y5)?)
+ c0s(2¢) 3Dy, + X3y, — x2y3) + cos(4) (D + x3)y, + x2y3)

+ 2Dx; sin(g) + 2y,y; sin(3¢)}
+4(@w - 1)(2v — 1) arctan (%) [x5 cos(¢p) — (D + x3) sin(¢)]
3
— sin(¢p) arctan (’;?) [(4v —3)(D + x 5in(2¢)) — x3)

2
+cos(2)(4u(D + x3) — 3D — x3) + 2(3 — 40)Y, cos(¢)]

+4@w-1)Q2v— 1)y, arctan(u)
X3+ Y3
1 .
- Epz log(r?) cos(2¢)
— p, arctan ([73) sin(2¢)
y2)

1 ,
+ Zlog(rzz) [cos $(1602(D + x3) — 4v(7D + 3x3) + 11D + x3)
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~+ c0s(3¢) (—4v(D + x3) + 3D + x3) + (4v(dv — 5) + 5)x, sin(¢)
+ (3 —4v)x, sin(3¢h) + 2(4v — 3)y, cos(2¢p) — 8(v — 1) (2w — l)yé], (60)

X . . / / /
Iy = 5[ (3 + 33 = D) sin(@) + sin() Dy, = x3y; = 32y%)
2

—sin(4¢)((D + x3)y; + x2y3) + sinB@)((D + x3)* + x3 + 2(y3)?)
+ c08(2¢)(3Dy; + X2y, + X3y3) + cos(4) (x2y; — (D + x3)y3)

— 2Dx; cos(¢) — 2y,y5 COS(3¢)]

4w -1)Qr-1) arctan(z—?) [(D + x3) cos(¢h) + x, sin(¢)]
2
— cos(¢) arctan (1;2) [cos(Zg{)) x (3D + x3 —4v(D + x3))
3

+ (v = 3)(D — x, sin(2) — x5 + 2y} sin(zf)))]
, X2 =2
+4(v —1)(2v — 1)y, arctan (m)

+ p; arctan (?) sin(2¢)

3
+ %bg(rg)[sin(g/))(myz(z) + x3) — 4u(7D + 3x3) + 11D + x3)
+ sin(3¢p) (4v(D + x3) — 3D — x3) + (4(5 — 4v)v — 5)x, cos(¢p) + (3 — 4v)x, cos(3¢)
+ 2(4v — 3)y; cos(2) + 8(v — 1) (2w — 1)yg]

1 ,
— 3 s cos(2) log (1), (61)

Iy = %32 [(D2 — x} — x3) cos(¢) + sin(2p)(Dy5 + 3x2y, — X3y3) + sin(4g) ((D + x3)y; — x2¥5)
+ cos(3¢) (D + x3)* 4 x3 + 2(y5)?) — cos(4p) (D + x3)y, + x,¥3)

+ 08(2) (x2} = (3D + x3)3) = 2Dy sin(h) — 25} sin(3p) |
—4v-DH@2v-1) mctm(%) [xz cos(¢p) x —=(D + x3) sin(¢)]
3
— pp arctan (ﬁ) sin(2¢)
P2

— sin(¢) arctan (%) [(41/ —3)(D + x,5in(2¢p) — x3)

2
+ cos(2) (4u(D + x3) — 3D — 5x3) + 2(3 — dv)y, cos(gz’))]

—4w-1)Q2v-1)y; arctan(w)
; X3+ 3

+ %log(rlzz) [— cos(P)(D(Av(dv —5) +5) + (4v(4v = 9) + 19)x3)
~+ cos(3¢p)(—4v(D + x3) + 3D + 5x3) + (4(7 — 4v)v — 11)x, sin(¢p) + (3 — 4v)x, sin(3¢)
+ 2(dy — 3)y) cos(2) + 8(v — 1)(2w — 1)y’2]

— 3 P2cos(2) log(r]). ()
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and finally,

X

I3y = _32 [sin(4(/))((D +X3)y; + X2y3) — (=D* + x3 + x3) sin(¢) + sin(2¢) (=D, + x3y, + 3x,y73)

r;
—sin(3¢)) (D +x3)* + x5+ 2(y3)?) —cos(2¢)) (3Dy3 + X,y + X3¥3)
+c08(44) ((D + x3)y3 = X2,) + 2Dx, c0s(¢h) + 2y, y;3 cos(3¢h)]

+4(u—1)(2v— 1) arctan (%) [(D + x3)cos(h) + X2 sin(ql))]

2

+ psarctan (%) sin(2¢)
3

+ cos(¢) arctan (zz) [cos(2¢) (4v(D +x3)—3D —5x3)
3

~ (4 =3)(D+25in(¢) (s~ x2c05(¢) — ;) |

— 4= 2v-1)y, arctan(ﬂ)
X3+y3

+ %log(r/zz) [— sin(¢) (1602(D + x3) —4v(5D +9x3) + 5D + 19x5)
~+sin(3¢p) (4v(D + x3) —3D —5x3) + (dv(dv—"T) + 11)x, cos(¢p)
+ (3 —4v)x,c08(3¢p) + 2(4v—3)y;cos(2¢p) —8(v—1) v — l)yg]

1 ,
—5P3cos(2p)log(r?).

X . . ,
Iy = 5[ 03+ 8 = D) sing = sinG) (D + x3)? + 3 +20)°)

2
+ sin(2¢) 3Dy, + x3y, — x,y3) + sin(4p) (D + x3)y; + x2y3)

+ c0s(2¢) (Dys 4 3x2y; — X3y3) 4 cos(4) (D + x3)y3 — x2¥,)
— 2Dx; cos(h) — 2y5y; cos(3(/))]
- %arctan(%) [cos(3¢)(—4v(D Fx3) + 3D + x3) + (4(7 = 4)y — 13)x, sin @
2
— cos(¢p) (1602(D + x3) — 20u(D + x3) + 7D + 5x3)

+ (3 — 4v)x, sin(3¢p) + 2(4v — 3)y, cos(2¢) + 2(4v(2v — 3) + S)y/z]
+ p, arctan (&) [41/ + cos(2¢) — 3]
P2

+ %]og(r/zz) [sin(3¢)(—41/(D + x3) + 3D + x3)
—sin()(160%(D + x3) — 200(D + x3) + 7D + 5x3)
+ (4v(4v = 7) + 13)x, cos(¢p) + (4v — 3)x, cos(3¢)
+ 2(4w — 3)y) sin(2¢h) — 2(4v (2w - 3) + 5)y;]

+ %log(r/lz) [Z(D — x3) sin(¢p) (4v + cos(2¢) — 2)

+ (7 — 8v)x; cos(¢p) — x; cos(3¢p) + 8vy; — 2y, sin(2¢) — 6yg],
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I = 5 [SIn40) (e’ = (D +33093) + S0 (BD 53033+ 0) = (o3 3 = D) cos
+c08(49) (D + x3)y5 + X2y3) +€08(20) (x3y5 + 3x2y5 — D)
— 0SB (D + 3 + 33 +205)) = 2Dx;5in(g) — 25,3 sin3¢h) |
+ %arctan (;’i) [—4y(4u —5)(D + x3) sin() — sin(3¢h) (—4u(D + x3) + 3D + x3)
— (7D + 5x3) sin() — (4(7 = 4v)v — 13)x, cos() — (4v — 3)x, cos(3¢)

—2(3—4v)y;cos(2) — 2(4v(2w —3) + 5)y’3]
— pzarctan (&) [3—4v+ cos(2¢)]
pP3
+ %log(r'zz) [cos(¢)(16v2(D +x3) =200(D + x3) + 7D + 5x3)

4+ cos(3¢p)(—4v(D + x3) + 3D + x3) + (4v(4v—7) 4+ 13)x, sin¢g
+ (3 —4v)x, sin(3¢) + 2(4v — 3)y; sin(2¢p) — 2(4v(2v —3) + 5)y’2]

1 .
+ Zlog(rl2 [sz (—4v + cos(2¢p) + 4) sing

+ 2(D — x3) cos(¢p) (—4v + cos(2¢) +2) + 8uvy, — 2y; sin(2¢h) — 6y/2]. (65)

Numerical Solution with the tanh Quadrature
Examples of displacement fields occasioned by distributed

5 i SR ; We use the tanh quadrature to convolve the Green’s
anelastic strain are given in Figure 4. There are two important

. ' functions with the equivalent body forces. To do so, we write
end members, one for shear sources and the other for isotropic the integral in canonical form using the change of variable

sources. y,=uT/2and y; = (1 + 0 )W/2:

iz = sin | el 206) 5. [ GulaT/2.1 4 0WW/2) 55T /2.00 4 W)
— Gply2(=T/2,(1 + v)W/2),y3(=T/2, (1 + v )W/2)]ldv

T 1 , , , , )
+2nels 5 [ GulyaT/2.W). 33T /2. W)] = Goalya 0 T/2.00. 5 T/ 2. 0d

+ (el + 2ﬂeg3)g /_ 11 Gy (4 T2 W) y3 (1 T/2. W)] = Gialoa (& T2, 0). x3(t T /2, 0)]due
20y 5 [ Golra 072,040 0W /23502, w2
- Galsa=T/2.(14 W/D.s(=T/2.0 + o)W/ 23|
+ cos ¢{(’1€§<k + 2/1652) g/_ll Gzz[yz(u,T/Z, W), y3 (u’T/Z, W) — Gzz[yz(u,T/Z, 0), y; (u’T/Z, 0)]du/

2uety 5 [ Gulia(T/2.1 + )W/ 35(T/2. 0+ 0)W2)
— G2 (=T/2. (1 + v)W/2), y3(=T/2, (1 + v)W/2)]dv

el + k) 5 [ Galya(T/2.(14 0IW/2)55(T/2.(1 4 0)W/2)]
— Gy, (=T/2,(1 + vYW/2),y3(=T/2, (1 + v )YW/2)]dv’

ety 3 [ Gualiai T2, W) 32 T/2, Wl = Geloa T/2,0, T /2000 | (66)
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Figure 4. Displacements (arrows) and pressure (background

color) in plane strain due to distributed anelastic strain in a rectangular
strain region (black dashed box). (a) Case of isotropic anelastic strain in
a shallow strain region highlighting the amplification effect of the free
surface. (b) Cause of anelastic shear strain €} in a finite strain region.

The solution for u3 can be obtained using the proper Green’s
functions, by substituting G,, for G,; and Gz, to Gz3. The
analytic solution and the numerical solution with the tanh
quadrature converge with increasing integration points, down
to double-precision floating-point accuracy. As expected, the
analytic solution can be evaluated several orders of magni-
tude faster.

Stress and Strains

Given the displacement field, the stress and strain can be
obtained analytically, or by finite difference, following equa-
tion (9). We generate the solutions for the displacement gra-
dient by taking the derivatives of displacement analytically in
Mathematica. We then export these expressions in forms that
can be evaluated in computer programs. We validate this pro-
cedure by comparing the analytic solutions to results obtained
by finite difference of the displacement field. Examples of
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stress components for a deformation in plane strain are shown
in Figures 5 and 6. A wide range of anelastic strain orientations
and distributions are shown in (E) Movie S2.

Distributed Deformation of Finite Strain
Volumes in 3D

The Earth’s deformation occurs at all scales, from the most
localized, around faults, to the most distributed, in the mantle.
Understanding the effect of distributed strain on deformation
and stress in the Earth’s interior allows us to describe many
important processes that are activated by volcanic unrest or
throughout the earthquake cycle, including viscoelastic, poroe-
lastic, and thermoelastic effects. Describing these effects in 3D
is key to more realistic models of deformation data.

Problem Definition for Vertical Strain Volumes

We now consider deformation in a 3D half-space. We
consider a cuboid volume of length L, width W, and thick-
ness 7, buried at depth D, and subjected to the six indepen-
dent eigenstrain components €}, €,, €}3, €5, €53, and €5,
(Fig. 7). In tensor notation, the eigenstrain is

i i i

€11 €1 €13

i i i i
€=1¢, €, ¢, (67)

i i i

€13 €33 €33

We write ¢t,, the trace of the eigenstrain tensor. This gives
rise to the moment density tensor:

m=C:é¢
Ay +2pety  2pely 2ueis
= 2pey, A€y +2ueyn  2uen
2uel, 2u€l, A€y + 2p€l,

(68)

The deformation in the half-space due to elastic coupling can
be attributed to equivalent body forces:

'165;1@1 + 2,‘4611,1 + 2p€y 5 + 2,“61:13,3
2ueyy ) + A€jy o + 2pen, 5 + 2uens 5
2peys ) + 2u€yy 5 + A€y 3+ 2pess 5

(69)

f=-V-m=-

The spatial extent of the eigenstrain can be defined
with the generalized boxcar function II(x), with II'(x) =
o(x+1/2)—6(x—1/2) and S(x) =II(x—1/2), with
S'(x) = 8(x) — 8(x — 1). We have the eigenstrain distribu-
tions of the form:

d-as((3)G)

So we have the equivalent body forces

(70)
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Figure 5.
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Figure 6.
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= (’1621(4'2/46’11)%[5(%_%) _6(%_'_%)}1_[(%2)5,(%) Green’s Functlon. Formulation | N

We obtain the displacement field by solving Navier’s

+2uel,TT (x_, )l|: 5(& _l) _ 5(x_2 +l)} S(x_%) equation using the Green’s functions for a point source in

L)T| \T 2 T 2 w a half-space, located at (y;, y,, y3), observed at (x;, x5, x3),

, x| %) 1 x3 X3 in which x; is defined positive downward. As the solu-

+2ﬂ€’13H(Z)H(7)W|:5 (W‘ 1) _5(W)] tion involves the method of images, we define the radial
distances:

e ) (5
+2M€’iz%|:5(%—%)—6(%+%):|H(x72)8(x3) Ry = ((x) = y1)* + (2 = y2)* + (v3 = x3)%) '/

X X\ 1 X X Ry = ((x; - YI)Z + (x — )’2)2 + (3 + Y3)2)]/2- (72)
L T)W w w

f3=Qel, +2uei)Il (x_l) I (x_z) 1 |:5 (ﬁ_ 1) _5(ﬁ)] The displacement in the direction i due to forces pointing
L rjw in the direction j is given by the point-source Green’s func-
+2ﬂ€i3%|:5(%—%) —6(%+%) H(x2)s(x3) tions Gj;(xy,Xp,x3), which are described by Mindlin

T w (1936), Press (1965), Okada (1985), and Segall (2010). We

' N\ 1 o 1 1 X write below a formulation that is compatible with our choice
+2ue5s11 o822 ) =52+ ) |S(Z2). (71) of coordinates. The horizontal components are symmetric to
LJT T2 W each other

1 3-4 1 -y)? (3-4 -y 2 R —3(x; —y)?
G, = u+_+(x1 3)’1) +( V)():l 1) + x3y3(R; 5(x1 y1)7)
16zu(l —v) | R, R, R; R; R
LA -2 - V(RS — (x1 = y1)° + Ro(xs + ys))}
Ry(Ry + x5+ y3)°
(1 —y)o—y)[1 3-4v 6xy; 4(1-2)(1-v)
16nu(1-v) |R ' R} Ry Ry(Ry + x5+ y3)?
Gir = (x1 —y1) |:x3 -y B—4)(x3 - y3) _ 6x3y3(x3 +y3) | 401 -20)(1 —v) ]
BT 61 -v) | RS R R Ry(Ry + x5+ y3)
Goi = (x1 —yD (2 —y2) 1 3—41/_6x3y3_ 4(1-21)(1 —v)
2 167u(l —v) |R} R} R} Ry(Ry+ x5+ y3)?
1 3-4 1 -y)? (3-4 -y)? 2 R3 —3(x; — ,)?
Gy = |: 4 4t (x2 3Y2) + ( l/)(fz y2) + x3y3(R3 5(xz ¥2)7)
16zu(l1 —v) | Ry R, Ry R; R;
n 4(1=20)(1 = )(R3 = (x = y2)* + Ry(x3 + Y3))i|
Ry(Ry + x3 + y3)°
Gor = (x2 = y2) |:x3 —v3 , B=4)(x;—y3) _ 6x3y3(x3 +y3) | 401 -20)(1 —v) ]
2 7 167u(1 —v) R} R} RS Ry(Ry 4+ x3 +y3) |

G12 =

(73)

and the displacements due to a point force pointing in the e
direction are

=y [xs=ys  B=4)(x3—y3) | 6x3y3(x3 +y3) 41 -20)(1-v)
G31 = 3 + 3 + 5 -
16zu(l —v) | R3 R; R Ry(Ry + x3 + y3)
Gy = (ra=y2) [x3—y3 , B—4)(x3—y3) | 6x3y3(x3 + ¥3) _ 40 -20)(1 —v) :|
2T 6au(1-v) | R R R} Ry(R; + X3+ ¥3)
1 (3—4v 5120487  (x3—y3)°  6xy3(03 +y3)° | B3 —4)(x3 +y3)* = 2x3y3
Gy = A . 74
BT 16mu(1-v) | R, + R, + R + R + R (74)
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The displacement field is then given by Analytic Solution
u = // £i01 2. ¥3)G (015 y2, ¥3)dydyodys,  (75) The displacement field is given in closed form by
oo
in which Einstein’s summation convention is assumed. Each ) , ]
displacement component can be obtained by substituting u; = A€y + 2uet )23 + 2p€1, (Vi3 + Jinna)
i=1 2’ 3. S ) + 2u€ls(J sz + Jinn2) + (A€l + 2ueby) T 13
Using the spatial distribution of equivalent body forces, ; . .
we can write the displacement field explicitly: + 2uehs(Jipia + Jizi3) + (egy + 2ue53) 3ol (78)
u; = (el +2u€i)///ool-5 M) -2 -H 20522 G,;dy dy,dy;
! Kk W)L \L L) "\1t)\w)"
i o 1[ (v Y1\ | (2 Y3
+2ﬂ612 ﬂ[w Z _5(Z - ) - 5(Z | H 7 S W GZ[dyldyzdy3
i o 1[ (v Y1\ | (2 Y3
+2ﬂ613 ﬂ[wz _5 Z - 1) - 5(Z _H 7 S W G3idy1dy2dy3
. % 1[.(y, 1 y 1 y3

=

. 00
+2ucl, // / S
—00
+(Aey, + 2ueh,) /// S
-0
. 00
+2uc, // / S
-0

i
N——
Sk
T Qq 1
N
S1bs

|

—
N——

|

(%)

T
3) Gy;dy dy,dys

w
_ $(22) Gidy,dy,dys
T w)

y

=

N— N e e N N
ot
17 \IT/ N1
N
el
|
N | —
SN———
|
N
N
ol
+
N —

3) G,;dy; dy,dys

N[
N——
Sk
T 1

(%)
/N
==

|

—

|

(%)

o a e

NENE NE NE NE =

w
; o0 Licfy 1 y2 1 Y3
—00
: . o0 1T ]
(e, + 2uely) // f S( H(y;) 7 5@; - 1) - 5(%3/) G:dy,dy,dys. (76)
oo i i
Integrating out the delta functions, we get the simplified ex- ~ in which we have used the following notation based on
pression Chinnery’s to evaluate the bounds
‘ , T/2 W yi=L
up = (Aeg + 2/4631)/ / G1i(y1.y2.53) dy,dy;
-7/2J0 =0
T T
(T2 (W - — z _ =z
+2l4€112/ / Goi(y1.y2.3)|" dyadys FOry2.3)ll _f(L’Z’W) f(L’ Z’W)
-1/2 J0 y1=0
. T/2 (W =L _Z - Z
+2uels / f G (1. y233)[''~ dyadyy +/ (L’ 2 ’0) / (L’ 2 ’0)
-1/2 J0 y1=0
. (L (W ,=T/2 Z _Z
+2ﬂ5112/ / G1i(y1: 2. ¥3) " dy,dy; —f(O, 2,W +710 2’W)
0o Jo y2==T/2
. L [T/2 =W T T
+2/4€’13/ / Gii(y1.y2. )| dydy, —f(O, —,0) + f(O,,O) (79)
o J-12 ¥3=0 2 2

i i L [w y2=T/2
+ (A€ + 2ues,) Gzi(ylsyz,)b)’ dy;dys
o Jo y2==T/2

(L (T2 ya=W and where we defined the following indefinite integrals:
+2/‘€lz3/(; /T/2 Gﬁ()’l»)’b)’s))y' 0 dy,dy,
— 3=

Fouel /L/WG ( )‘”:m dy,d
€ i s s 3
HED3 L, Y1:Y2,¥3 A y1dys T = //Gjidykdyl- (80)

i S L [T =W
+ A€y + 2ues;) G3i(v1, 2, )’3)) dydy,.
o Jorp y3=0

(77) The closed-form solutions are below:
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J ! arctan *3
=|—x
M2 Teru(1-v) [ Xi=

3x vX
—3x3 arctan( > ) —4uxs arctan( 3 )
X1 =N X1 =N

—(@dv=3)(x; —y)log(r; +x;—y2)
+ (4v(2v=3) +5)(x; —y;)log(ry +x3 = y2)
—4(w—=1)(xy—yy)log(ri +x;—y1)
—4(w—=1)(xy = yy)log(ry +x; —y1)

ry (X3 —Y3)
—4(v—1)(x3—y3)arctan (m)

( Y3 ) ( 3y3 )
—yzarctan —3y;arctan
X1=N X1=V1

1%
—4vy; arctan( Y3 )
X1=V1

—4w=1)Qv—1)(x; +y3)arctan(w)
X1—=)1

+4(l/— 1)(21/_ 1)()63 +y3)af0tan((x2 _yz)(XS _|_y3)

M)
(r1 =y1) (x2=y2)

2x3y3(x1 =y1) (X2 —=y2) i| 81
ra((xp =y + (x3+y3)H) ] &1

J = ! arctan 2
e 16mu(1 —v) " X1 =)

3x vX
—3x arctan( 2 ) —4ux, arctan( 2 )
X1 =1 X1 =1

— (4v=3)(x; —yy) log(r; + x3 —y3)
— (42 —6v+3)(x; — y) log(ry + x5 + y3)

—4(v—1)(x3+y3) arctan(

—4(v = 1)(x, — y,) arctan ((x1 E(yxf)(_xgy 2—) ys))
r2(x0 — ¥2)
+4(v—1)(xy —y,) arctan((xl —y)(xs + )’3))

( Y2 ) ( 3y2 )
— y, arctan — 3y, arctan| ———
X1 =) X1 =1

v
—4vy, arctan( 7 )
X1 =N

=4 — D(x3 = y3) log(r; +x; — y1)

+ 4(v = D(x3 + y3) log(ry + x; = y1)

+2( - D 2v = D(x; = y1)
r2y3(2x3 4 y3) = r3(x3 + y3)
ra((xy = y1)* + (2 = 2)%)

+2(x; = y1)

% x3((xp = y1)? + (2 — y2)* + x3(x3 + }’3)):|’ (82)

ra((x) = y1)* + (62 = 2)?)
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r(yi—x1) )

1 xl
Ty =———| x; [ —arct
12 = Toru(1-0) [xl( e an(xz—)’2))

3x 24
—3x; arctan ( 1 ) —4yx; arctan ( ' )
X2=Y2 X2=Y2

—2x3log(ry—x; +y2)

+2-1)Q2v-1)(x, —yl)arctan(ﬂ)

X2 =Y
+20u—1)(x, —yl)arctan(w)
(2 =y2)(x3—y3)
rz(yl _xl)
+2(1-20)2(x; -y, )arctan (m)

3
l ) — 3y, arctan (L)
X2—=Y2 X2=Y2

—4vy, arctan (x”i) —(4v=3)(x —y,)log(r; +x3—y3)
-

— yjarctan (

Y2
— (42 =60+ 3) (x; —y,) log(ry +x3 4 y3)
—(@v=3)(x3—y3)log(ri +x,—2)
—(@v(2v=3) +5)(x3 + y3)log(ry + x5 = y2)
=200 =y)(v-1)(2v-1)
y (1 =y1)* 4 (3 +93)D) (3(2x3 +y3) = 12 (33 + 33))
(1 =y1)? 4 (= y2) ) (1 =y1)* + (3 +3)%)
—2(x=y2)x3
¥343x3y3 + 320 =y 1) 4+ (o —y2)* +3x%3)
ra((x =y1)* 4 (= y2)) () =y1)* + (3 4+ y3)%)
=2(x2—y2)x3
(O =y1)> +x3) (1 =y + (6 —y2)* +x3) ]
ra((xy =y 4 (= y2) ) ((x =y)* + (3 +y3)D) |

(83)
hip=——"——|-nn+@v-Dv+r, - 2X3)3
M2 Y 6au(1—v) | ! o
=4 =1 (2v = 1) (x3 + y3) log(ry + x5 + Y3)i|»
(84)

1
VESTE = Tomu(1—0)
+ (y2—x2)log(r; +x3-y3)
—ry(x3+y3) +y3(2x34y3)
(x1=y1)* + (2= y2)?
x5 (0 =y1)* + (0 —y2)* +x3(x3 +y3))}
(1 =y1)* + (2 =y2)%) ,

|:—(4V2—2V— 1) (2 =y2)log(ry +x3+y3)

+2(x=y)(v=1)(2v—1)

+2(x2—y2)

(85)
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D =gy [

-1
S = 167u(1 —1/)|:

Jaja = —
33 16zu(1 —v)

J - -
3123 16zu(l —v

—(4=2w—1)(x;—y ) log(ry+x3+y3)

+(y1—x1)log(r; +x3—y3)

2= 2r—1)(x1 — }_rz(x3+)’3)+)’3(2x3+)’3)
+2(v=1D)2v=1)(x;—y, ((1=y1)2+ (=)

23 (e =y1)? + (0 =y2) a3 (x3+y3))

P ———
2B 6mu(1-v)

+2(r=1D)2v=1)(x;—y,) (=124 (a—2)?)

F2(x - \X3((X1—y1)2+(xz—y2)2+x3(X3+y3))]
(=) + (1))

(86)

X2=Y2
r(yi—xp)
+4(v=1)(2v=1)(x; —y,)arctan (m)
—4(—=1)(2u—1)(xy—y)log(r, +x3+3)
ZX3y3 (XQ_yZ)(x3 +y3)
ry((x;=y1)* 4+ (53 +y3)?)
+ (=802 (x3 4 y3) +8v(x3+2y3)

4w-1)QRv-1)(x, —yl)arctan(u)

+(x3—y3)log(r; +x,—y,) —

—x3—=Ty;)log(r, +x2_)’2)i|’ (87)

: |:r1 +(-8(v—1rv—-1)r,

2
+ 2(4v — 3)x;arccoth (m) _ B3

L) L)

+ 2(40% (x5 + y3) — 6v(x3 + y3) + 3x3

+ 2y3) log(r, + x5 + ys)] (88)
1

)[(Xl =y log(r; + x; — y5)

- B —=Dv+ D)(x; —yy)log(r, +x; = y,)

+4(v—-1D)Qv—1)(x3 + y3) arctan(xz_yz)

X1 =N
+4Qu—1)(vx3s + (v —1)y3)

ry(x; = y1)
X arctan ((x2 — ) (s + Y3))
2x3y3(x; = y1) (X2 = ¥2) } 89
ra((xp = y1)* + (x3 +y3)) ] (®)
T = |+ B = Do+ Dy = 220
1212 167u(1 —v) 1 2 7
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+ (y2—x2)log(r; +x3—y3)
—ry(x3+y3) +y3(2x3+y3)
((xy=y1)* +(x2=y2)%)
x5 (( =y1)* + (0 —y2)* +x3(x3 +y3)):|
2 ((xp =y1)?+ (2 =y2)?) ’

+2(-D Q2= (x2-y2)

+2(x—y,)

1)

! [—(41/2—21/—1)()51 —ylog(r+x3+y3)

+ (1 —x)log(ri +x3—-y3)

—75(x3+y3) +y3(2x3+y3)
((x1=y1)*+ (x2—y2)%)

x3((x1=y1)? + (0 —y2)? +x3(x3 +y3))}

+2w—-1)Qv—=1)(x;—y1)

+2(x1—y1) r2((x1—)71)2+(x2_y2)2)

(92)

J —; X arctan 3
22 16u(1-v) [ X1 =i

3x vx
—3xzarctan ( 3 ) —4uxs arctan( > )
X1=N X1=)1

—4@w—1)(x;—y)log(r; +x,—y2)
—4(w—=1)(x; —y)log(r, +x,—y)
—(4v—=3)(xy —yy)log(r; +x;—y1)
+ (4v(2v=3) +5)(x2 — y2)log(ry +x1 = y1)

ri(x3—y3)
—4(v—1)(x3—y;)arctan ((xl—yl)(xryz))

3
+y3 (—arctan (})3)) —3y3 arctan( Y3 )
X1=)1 X1=)1

v
—4vpysarctan ()}3)
X1=)

~4(v=1)(2v=1)(x; + ) arctan (X‘;y‘)
X2~ Y2

(1 =y (x3+y3)
(x1 =y (x2=y2)

2x3y3(x; = y1)(x2—y2) } 93
r((=y2)* + (3 +y3)H) | 9

J —; X, | —arctan *2
2R 6mu(1-v) | ° X1y

3x vx
—3x,arctan ( 2 ) —4vx, arctan( 2 )
X1=V1 X1=V1

—2x3log(ry—x;+y1)

+4@w-1)Qu—=1)(x; +y3)arctan(

—4w-1)(x3 +y3)arctan(
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—(4v=3)(x;—y)log(r| +x3-y3)
— (42 =6143) (x;—y)log(ra+x3+y3)

+2(v—1)(2v—1)(x,—y,)arctan (w)
X1=V1

+2(2v—1)(x,—y,)arctan (M)
(x1=y1) (x3—y3)
+2(1-20)?(x,—y,)arctan (%)

3
—yzarctan( 2 )—3y2arctan( 7 )
X1=)1 X1=1

—4uy2arctan( v )
X1=Y1

—(4v=3)(x3—y3)log(r|+x;—-y1)

—(4v(2v=3)+5) (x3+y3)log(ra+x—y1)

Y _ (s 4y3)+y3(2x5+ys)
2D S )
Yi+3x3y3+y3 (1 =y1) > +2(x—y2)* +3x3)

(1 =y1)? +(2=y2) ) (2 =y2)* 4+ (x3+y3)?)
((02=y2)*+x3) ((x; =y 1) >+ (. =y2)* +x3) :|

(1 =y1)* 4+ (02 =y2) ) (a=y2)* + (x3+y3)%) |

(94)

=2(x1=y1)x3

=2(x1=y1)x3

1 X1
) N — —arct
223 T6m(1=0) |:x1 ( arc am(x2 —)’2))

3x vx
—3x arctan( ! ) —4ux, arctan( L )
X2=Y2 X2=Y2

r (x1 _yl)
—4(v-1)(x —yOafCtan(m)

+4@w-1)(x, —yl)arctan(M)

(2 =y2)(x3+y3)

( Y1 ) ( 3y1 )
—y;arctan —3y; arctan
X2=Y2 X2=Y2

—4yy; arctan ( el )
X2=Y2

—(4v=3)(x, —yy)log(r +x3—y3)

— (4% —6v+3)(x,—yy)log(ry +x3+y3)

—4(v—1)(x3—y3)log(r| +x,—y)

+4@w—=1)(x3+y3)log(r, +x2—y,)

—r2(x3+y3) +y3(2x3 +y3)
((x1=y)? + (x2—=¥2)?)

x3((xp = 1)+ (= y2)? +x3(x3 +y3))]

r((x1=y1)? + (x2—y2)%)

+2(-1)2v—1)(x,—y2)

+2(x,—y2)

(95)
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X (x; —y1)log(r, + x5 +y3)
+4(@w—-1)2v—1)(x, —y,)arctan (w)
X1—=)1
r2(y2—X2)

—+ 4(1/— 1)(21/— 1)(X2 —yz) arctan (m)
+ (x3—y3)log(ry +x;—y1)
_ 2x3y3(x —y1)(x3+y3)

ra((xa—y2)* + (x34+y3)?)
+ (=802 (x5 +y3) + 8u(x3 +2y3)

—x3—="Ty3)log(r, +x, —)’1)]7 (96)
-1
I3 = m |:(x2 —yo)log(r; +x; —y1)
- Bw—=1Dv+ 1)(x; = y,)log(r, +x; —yy)
+4(w—-1)Qv—1)(x3 + y3) arctan(u)
X2 =2
+4Qv - 1)(wx; + (v —1)y3)
ra (X2 = ¥y2) )
X arctan
((Xl =y (3 +y3)
2x3y3(x; = y1) (X2 — 1) :|
, 97
ra((x = y2)* + (x3 + ¥3)%) ©D
-1
303 = Toma(1=1) |:r1 + (=8(v-=Drv—=1r,
+ 2(4v — 3)x;arccoth (m) - Zx3ys
L) L)
+ 2(40%(x3 + y3) — 60(x3 + y3)
+ 3x3 + 2y3) log(ry + x3 + y3):|, (98)

—Aw=1)2u=1)(x, —yl)arctan(u)
X2—=Y2

ra(xi=y1) )
(x2=y2) (x3+y3)
+4(v—1)2v—1)(x,—y,)log(r, +x3+y3)
+(x3—y3)log(ri +x2—y2) +(B(r=2)v+7)x;
+8(w—1vy;+y3)log(r,+x-y2)

L 2x3y3(x—y2) (x3+y3) ]
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Ty
1312 167u(1-v) |:
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-1 x3+y -1 x3+y
J1313 = m |:r1 + 2(41/ - 3)x3arccoth (%) J2323 = m |:r1 + 2(41/ - 3)x3arccoth (%)
n B -2+ 7)r% + 2x3y3 n B -2+ 7)r% + 2x3y3
r r
+ 2(=41% (x5 + y3) + 60(x3 + y3) + 2(=417 (x5 + y3) + 60(x3 + y3)
—3x3 — 2y3) log(r, + x3 + y3):|, (100) —3x3 — 2y3) log(r, + x3 + )’3)}, (104)
-1 J —; 3x;arctan 3%3
Jiaz = Tozu(l=2) |:(x1 —y1) log(r; + x2 = y2) B2 6nu(1-0) 3 X1—=y1
5
+ B —=2)v+ 7)(x; = yy) log(ry + x2 — y2) —41/x3arctan( e )—5x3arctan( 3 )
Sy X1—=V1 X2=Y2
—4(@w —1)(2v — 1)(x3 + y;) arctan (u) 3uxs ) 12x3
X1 =1 —12vx;arctan ooy —8vxzarctan ooy
2=Y2 2=Y2
=4 = 1)2v(x; + y3) = 3x3 — y3)
raGr = v1) —(4v=3)(x;=y)log(ri+x,—y,)
2 — Yy
X arctan _ _ _
((x2 — ) (s + )’3)) +(4v(2v=3)+5) (x; —y1)log(r, +x,-y2)

_ 2xy3(0 —y1) (2 — y2)
ra((xy = y1)?2 + (x5 + y3)%)

] (101) —(4v=3) (x3=y)log(r; +x1—y;)
. +(@dv(2v=3)+5) (x3—y,)log(r,+x1—y)
r1(y3—x3) )

+2(2u—1)(x3—ys3)arctan (m

= 4= 1) Qu=1)(xr, 1) log(rs +x3+v3) ‘3Y3af0tan(i)—4”y3af0tan(&)
2312 1677:/4(1—1/) 1 1 2 3 3 X1—Y1 X1—Y1

- 5ys 3uys
_A(y— _ _ X2=Y2 -5y arctan( )—121/y arctan(
4w—-1)Q2uv—1)(x, yz)arctan(XI_yl) 3 P 3 o
+4=1D)2v=1)(x,=¥2) t( ““f”)) —&%mm(“%)+uknﬂ%ﬂ@
v—1)(2v—1)(x,—y,)arctan[ ——=——="— =
i (x1=y1)(x3+y3) 272
+(x3—y3)log(ri +x;—y1) xarctan(—rZ(x3+y3) )
(x1=y1) (x2—Y2)

+(B(v=2)v+7)x3+8(v=1rys +y3)

L 206353001 =y1) (0 =2) (v =y1)* + (2 =32)* +2(x3 +}’3)2):|

2 - f
xlog(ra+x;—y)+ héjcy;_(?z)z);l_)((x?:_yy:))z)] . (1 =y1)? 4+ (3 +y3) ) (0 =y2)* +(x3 +)’3)2)(105)

(102)

1 3XQ
J =— |3 t
B mw@w{ @mmﬁrh)

1
Jozi3 = m[(xz = y2) log(ry + x1 = y1)

5x, VX,

— 5x, arctan — 4ux, arctan

+ B = 2)v + 7)(x; — y2) log(ry + x; = y1) X =y X =y
— 3ux 2x
—4(w —1)(2v — 1)(x3 + y3) arctan (u) — 12ux, arctan (2) - 8°x, arctan( 2 )
Xy — Yo X1 =N X1 =X
— 4w - 1D Qu(x3 + y3) —3x3 — y3) —4x3log(ry — x; + yy)
- —4w—-1)(x; —y)lo -
« arctan( ry(x2 = y2) ) (v =D (x; = y1)log(r; + x3 — y3)
(e =y (x5 +y3) —8(v—1)*(x; — y1) log(r, + x3 4 y3)

2x3y3(x — y1)(x2 = ) ] (103)

_ ri(x; = ¥2)
ry((xy = y2)* + (x3 + ¥3)?)

-4 —1)(xy — y7) arctan((xl —y)(x3 —y3)
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-8 —1)%(xy — y,) arctan(( FZ(XZ)(_ yi )) wi; = (Aegy + 2uel ) 03 + 2u€l, (T3 j + Jin13,))
X = Y)WX3 T3 ; ; .
3y2 5y2 + 2ﬂ€13(‘,i323,j + ]illz,j) + (ﬂekk + 2#622).10113.]
B aICtan(x1 - yl) IR arcmn()ﬁ - yl) + 2u€h; (T i1z, + Jiz1z,) + (A€ + 2u€s3) 312,51
3 108
—4vy, arctan( vy ) — 12vy, arctan( v ) (108)
X1 =X X1 — Y

) We generate the 81 independent components Jj; , using

— 8%y, arctan( vy ) Mathematica and then export the expressions in forms that

X1 =N can be evaluated by computer programs, making sure to

— (4v = 3)(x3 — y3) log(r; + x; — ;) + (=80%(x3 + y3) avoid mathematical artifacts, with the exception of the

+ 120(x3 + y3) = Tx3 — 5y3) log(ry + x; — y;) unavoidable singularities at the eight corners of each strain

26373051 = y1) (x5 + ¥3) yolume. Then, the stress components are obtained follow-

3Y3(X 2)’1 3TY3 . } (106) ing equation (9). Examples of stress fields generated by
(¥ =y2)" + (3 +33)%) anelastic strain are shown in Figures 8—13.

Figure 9 illustrates that isotropic sources of anelastic

strain create little isotropic stress in the surrounding

rocks. This property may be exploited to decouple the gov-
1 3x1
J333 = m —3x; arctan o erning equations of poroelasticity in a full-space (Rice and
H 27N Cleary, 1976). Our solutions illustrate the remaining iso-
—5x, arctan( X ) —dux, arctan( ad ) tropic stress interaction resulting from the presence of
X2 =2 X2 =2 the free surface. This effect vanishes with increasing depth
3 2 of the source.
—12ux, arctan( . ) —8u%x, arctan( il )
X2~ )2 X2~ )2
—4x3log(ry, — x5 + y5) Problem Definition for Dipping Strain Volumes
ri(x; =) We consider the case of dipping strain volumes in a half-
-4 -1 - tan| ————
(=) =y arctan ((x2 —¥y)(x3 — y3)) space. We define two systems of coordinates. The unprimed
(e, — 1) system of coordinates is aligned with the free surface and in
—8(v—1)*(x; — y;) arctan ( (2 — v2) (3 + )) the strike direction of the strain volume (Fig. 14). The primed
27T system of coordinates is aligned with the fault. We consider a
—3y, arctan( 3 ) -5y, arctan( Y ) cuboid volume of length L in the strike direction e, of width
X2 =2 X2 = Y2 W in the dip direction e 3, and thickness 7" in the normal di-
vy, 3y, rection e'z. The relationships between the primed and un-
— 4vy, arctan X3 — ¥, — 12uy, arctan X3 — ¥, primed coordinates are
2
- 8%y, arctan( bl ) X, = x
X2 =2

X, = X, 8ing — (x3 — D) cos ¢
=4 —1)(xz —yp) log(r; +x3 = y3) 2 2 ’

~ 8= 1200 — y2) log(rs + 33 + 33) B=nespt(n-Dying (109
— (40 = 3)(x3 — y3) log(ry + x, — y2) and
+ (=802 (x3 +y3) + 120(x3 + y3) = 7x3 = 5y3) X =X
w log(ry + x5 — ) + 2x3y3(x2 —2)’2)(%3 +y3)2 ] Xy = +x,8in¢ + x5 cos
rz((x1 _yl) + (X3 +)’3) ) X3 = _x’2 COS¢ + x’3 sinzﬁ + D. (110)

(107)

The volume is buried at a depth D and is subjected to

) o six independent eigenstrain components € ,, €,, €,

Examples of surface displacements are given in Figures 8—12 P P d e g di hp ) iil 12 13f

and in ® Movie S3. €3> €3, and e5; expressed in the unprimed system o
coordinates.

) The spatial extent of the eigenstrain can be written as
Stress and Strains

. . . .. . i i X1 x'2 x; i

Strains can be obtained by differentiating the total dis- € (x, x0,x3) = .S — |II| = )S| = ) = €}, Qxy, x2, x3),
L . . 4 77\ L T w J

placement by finite difference or analytically. The displace-

ment gradient is written analytically as (111)
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£1.(x) f(x)

________

3 3

Figure 7.
volume represents the anelastic deformation.

with x5 = x; (x5, x3) and x3 = x3(x,, x3). Or, more explicitly

L T

(et mDisng)

€li(xy, X9, x3) = € S(ﬂ)r[(x2 sin = (x3 = D) cos ¢)
i1 (X1, X2, X3) = €39

We have defined

X1 x’z(xg,x3) x'3(x2,x3)
Qxq,x0,x3) = S| — |11
(x1, X2, X3) S(L) ( T )S( W
X, X X
Q' (x). x5, x3) = S[ L II( 2 )S[ 2 ).
(x1. %5, X3) (L) (T) (W
which describes where the strain is applied. The deformation

in the half-space due to elastic coupling can be attributed to
the equivalent body forces

(113)

Downloaded from https://pubs.geoscienceworld.org/ssa/bssalarticle-pdf/107/2/821/3942633/BSSA-2016237.1.pdf
bv California Inst of Technoloav user

S. Barbot, J. D. P. Moore, and V. Lambert

€1,(x) f(x)

3 3
£1,(x) 1 f(x) 1
—/ 2 2
/‘._ i
3 3
£1,(x) 1 f(x) 1
- 2 2
3 3

Six independent strain components on a finite cuboid volume and associated distribution of equivalent body forces. The dashed

lefck}l + Zﬂeil_l + 2/46’112’2 + 2”6":13’3

f=-V.m=—| 2uep, | + A€y, + 2ucs, 5 + 2uess 5
2u€is ) + 2ueys 5 + A€y 5 + 2ues 5
(114)
So we have
fl(xlﬂx27x3) =

Gely +206},) 1 [6(%— 1) —6(%)}11()6—;)5(%3/)

a2 o
G )46

s NG
DR 43

and



Displacement and Stress Associated with Distributed Anelastic Deformation in

Figure 8.

Figure 9.
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(a) Surface displacement and (b,c) stress component field o, for anelastic strain component €', representative of tectonic
rifting. The cross sections are taken along the dashed profiles (A—A’ for the bottom cross section and B—B' for the right one). The projection
of the contour of the strain volume in the field of view is shown with the black dashed box. The displacement field is scaled by half of the
maximum value. Similar results for anelastic strain component €5, can be obtained by symmetry.
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(a) Surface displacements and (b) stress component o3 for anelastic strain component €' , representative of channel flow. The
cross section is taken along the dashed profile running north-south.
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Green’s Function Formulation

The displacement field can be obtained by the convolu-
tion of the body forces with the Green’s function as follows:

u;(x) =// DOJS'(Y)Gji(XJ)dY- (118)

u; = (el + 2puel)) //]OO ! :

L

=

95}

S. Barbot, J. D. P. Moore, and V. Lambert

Using the spatial distribution of equivalent body forces, we
can write the displacement field explicitly:

W~

N———"

<

Gy;dy dy,dys

1) i (22) s (2
L L)\ )>\w
[ (W1 Y1\ (2 y,z
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+2ﬂ€’13///00— 5(” - 1) _5(&) H(y—;)s(y_wi)Gz,id)’ld)’Zd)’S
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in which each component can be obtained by substituting
i = 1,2, 3, and the Green’s function G; is for G;;(yy, 2, y3)-
To simplify the problem, we now change the variables of in-
tegration from dx,dx; to dx,dx; as follows:

Y1\ T (22 of V5 e
2L _H(?Z)S(ﬁ)c;u(hyY2’)’3)d)’2d)’3

(e'S) 1 B
u; = (Aek, +2/4€11)/]

+2ue! /] —
12 OQL i
4 o 1[

+2u€’13//

o0}
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+ sm¢{2ﬂ€12 // (%) :5()% - %) - 5(y72 + %): S(y—;)Gu(yuyz, y3)dy,dy;
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in which the expression G;;(y,,y,,y3) is short for

Gijly1. y2(93.¥3). 3(v2. 3)]. We simplify the bounds of in-
tegration again

i i =L 4 4vr
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. T/2 , . C =W,
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The solution for each u; can be obtained using the proper To do so, we write the integral in canonical form using the
Green’s functions, defined in equations (73) and (74). change of variable y, = (1 +u')L/2, y, =v'T/2, and

. o y; = (1 +w)w/2:
Numerical Solution with the tanh Quadrature

We use the tanh quadrature to convolve the Green’s func-
tions with the equivalent body forces (equations 115 and 116).

. . TW 1 [] r, , , , , Tly,=L ., .. .
= el + ) 55 [ [ Gulyion 0T/ W2 T2 (1w WD |
L)L 6l IIZ
CTWOU / , / V=L .o
+2ﬂ€12§? 1 ]GZ[ yl,yz(vT/Z,(l+w)W/2),y3(vT/2,(1+w)W/2) _Odvdw
CTWU . , , / V=L .
+2ﬂ€13§7 G3i yl,)’2(7f T/2,(1+w)W/2),y;(v T/2,(1 +W)W/2) y,_od” dw
|
=12 . ,. .,
+Sln¢{2M€1222 [ / [0+ 0L/2,0205 04w W72, 3305 (w27 i
2
, , , , ’ =W , ,
+2ﬂ€135§ o I R (R R e RS R VR0 [T
1 =12 . ,.
e+ e 55 [ [ a1 WL 20205 (WD 33005, (1 w27 i
1 o’ ’ ’ ’ ’ ), = ’ ’
255 [ [ [0+ OL 2 125 s T/25) || e
=T/2 . ., .
ey / [ G0+ 08725205 0+ W2 0500 0w |77 auan
- 2
B ’ ’ ’ ’ ’ =W , ,
el + 2ucly) R R ]| e
L J3T
. ' ’ ’ ’ ’ =W , ,
+cos¢{2ueu = / / [+ 012020 /2.5) 5205 || T '
-
, , , , , v,=T/2 S
zﬂenzz 5L G0 n20m0 0 wW/D 05 0w w27 aan
' , ’ , , =W, ,
e+ et 53 [ G0+ 08/20:0 7259 550 T/25) || awan
, , , , , ., =T/2 P
2#62322 5[ a0+ n/2m00 0 w2005 0+ ww) | awar
, , , , , =W _
ez [ G0+ 020025 5w T/25) || e
-
, , , , , y,=T/2 S
e+ 2ues) 55 [ [ Gl 10L/23205 1+ wIW/D 305 (1 wOW/)] mdudw}. (122)
Y=

Downloaded from https://pubs.geoscienceworld.org/ssa/bssalarticle-pdf/107/2/821/3942633/BSSA-2016237.1.pdf
bv California Inst of Technoloav user



Displacement and Stress Associated with Distributed Anelastic Deformation in a Half-Space

853

(@)

o = N W A~ OO

I
N
\ /
\
-
/

Normalized distance (x,)

3

o)

—
(¢)
N

Normalized distance (x,)

Normalized distance (x,)

-0.5 0 0.5
=54 Stress component

-6

6 -5 -4 3 2 -1 0 1 2 3 4 5 6
Normalized distance (x,)

Figure 13.

6 5 4 3 -2 -1 0 1 2 3 4 5 6
Normalized distance (x,)

(a—f) Six independent stress components in map view at the center of the strain volume due to anelastic strain €},. The dashed

boxes represent the contour of the strain volume. The corresponding displacement and pressure fields are shown in Figure 10.

In this form, the classic algorithms for numerical integration
can be directly applied. We accompany this article with com-
puter codes that provide the numerical solution with arbitrary
accuracy, free of any numerical artifacts, with the exception of
singularities at the precise location of the eight strain volume
corners. Examples of displacement and stress for distributed
anelastic strain in dipping strain volumes in 3D are shown in
Figures 15 and 16. Displacement and stress for dipping pres-
sure sources are shown in Figure 12.

Semianalytic Solution with a Spectral Method

We use the spectral method Relax (Barbot and Fialko,
2010a,b) to solve Navier’s equation numerically. The method
relies on an analytical solution in the Fourier domain for the
displacement field due to an arbitrary distribution of body
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forces. We use the body forces defined in equations (115)
and (116) for 3D dipping strain volumes. The total strain is
obtained by finite difference, and the stress is obtained by
combining the total strain with the eigenstrain following
equation (9). The displacement and stress fields using the
spectral method agree with other solutions within a 1% error,
which is due to the undesirable periodicity of the discrete
Fourier transform, and the necessity of smoothing the equiv-
alent body forces to avoid spurious oscillations.

Conclusions

We presented fundamental solutions for the displace-
ment and stress caused by distributed anelastic deformation
in a half-space. The solutions are valid under the infinitesi-
mal strain approximation and linear isotropic elasticity.
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Figure 14. Position, dimension, and orientation of a dipping
strain volume of length L, thickness 7', and width W, buried at depth
D, and dipping an angle ¢. The primed coordinate system is aligned
with the strain volume. Both systems of coordinates point in the
strike direction, such as €| = e,. For ¢ = /2, the two systems
are identical except for a translation.

N ——
51./-05 o0 -05
Uplift (normalized) B

Normalized distance (x;)
o

_24

—44

‘
‘
-37.
B

o
|
o
|
N
|
(]
|
N

—
O

~

o

Normalized depth (x3)

.5 0.5
Shear stress component o,
6 (normalized)

T T T T T T T T T T T

54 0.

—
@)

Normalized depth

54 05 0 0.
Shear stress component o5

(normalized)

6 T T T T
-6 5 -4 -3 -2 -1 0 1 2 3 4 5 6
Normalized distance (x,)

Figure 15.  (a) Surface displacement in map view, (b) stress com-
ponents 61,, and (c) 613 in a cross section along the A—A’ profile due
to anelastic shear strain €/,, defined in the primed system of coor-
dinates tied with the strain volume. The map projection of the bottom
of the strain volume is shown with the dashed rectangle in map view.
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Figure 16. (a) Surface displacement in map view, (b) stress
components o,3, and (c) 6,; in a cross section along the A—A’ pro-
file due to anelastic shear strain €, defined in the primed system of
coordinates tied with the strain volume. The map projection of the
bottom of the strain volume is shown with the dashed rectangle in
map view.

These solutions represent much-needed tools to probe the dis-
tributed deformation in the Earth’s interior using geodetic and
other geophysical observations. The description of the stress
interactions provide the building blocks to simulate the dy-
namics of stress evolution around plate boundaries, incorpo-
rating off-fault and distributed deformation, including the
viscoelastic and poroelastic effects. The solutions presented
here are limited to uniform elastic properties. This assumption



Displacement and Stress Associated with Distributed Anelastic Deformation in a Half-Space

allows closed-form analytic solutions. Admittedly, more real-
istic representations of the Earth’s constitutive properties
should be included, which we postpone to future work.

Data and Resources

The MATLAB computer programs used in the article
are available at https://bitbucket.org/sbarbot (last accessed
February 2017). The Relax modeling software is hosted at
www.geodynamics.org (last accessed February 2017) with
support from the Computational Infrastructure for Geody-
namics.
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